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Numerical Analysis of a Steel Wire Mesh Seismic Retrofitting 
Techniques for Masonry Structures 

Adrian Dogariu 
Department CMMC, University Politehnica Timisoara, Timisoara, 300244, Romania 

Summary 

Many masonry buildings located in prone seismic areas need structural 
interventions; therefore solutions which will increase the wall capacity and 
ductility, without a major influence on its stiffness is valuable. This article will 
present the experimental activities and numerical analysis of this technique 
efficiency. This technique applies a stainless or zinc coated steel wire mesh (SWM) 
bonded with epoxy resin to the masonry walls, on one or both sides. 

The solution can be applied to internal shear walls and on façade either on piers 
or spandrel. In most of the cases old masonry buildings shown weaker piers than 
spandrel, so to obtain a maximum benefit effect of reinforcing technique this areas 
are to be retrofitted. Important advantage of this technique may be related to its 
reversibility - wire mesh fixed with epoxy resin can be removed from the masonry 
wall by heating the resin layer. 

Steel wire mesh reinforced masonry walls have a complex behaviour and no 
analytic procedures for design are available; therefore, advanced numerical 
models confirmed by extended experimental tests are need. The experimental 
program is presented together with the finite element model adopted for retrofitted 
masonry specimens. 

The numerical model is calibrated according to the contact-less and full-field 
measurements. The experimental tests, carried-out within the framework of a 
European research project, have included tests on steel wires, on steel meshes, on 
500 by 500 mm retrofitted masonry elements (diagonal tensile tests) and 1500 by 
1500 mm masonry walls.  

The numerical calibration have been made using ABAQUS finite element software. 
The replacing of simple masonry with an equivalent material with improved 
behaviour, can be done following the experimental testing results. This kind of 
approach that considers the retrofitting steel wire mesh as an external reinforcing 
can really simplify the numerical effort. 

KEYWORDS: masonry, seismic retrofit, finite element, ABAQUS, steel wire 
mesh. 
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1. INTRODUCTION 

1.1. Masonry behaviour and anti-seismic retrofitting technique 

Masonry material is one of the most wildly use material for construction of 
buildings in most part of the world. Brick masonry structures employing solid clay 
units and cement-mortar can be found in many urban and rural areas of Romania. 
Romanian territory is subjected to frequent earthquakes that induce shear stresses 
in the structural walls. 

Many masonry buildings, located in prone seismic areas, present a high seismic 
vulnerability and require structural interventions. Retrofitting solutions which will 
increase capacity and ductility of the elements, without a major influence on its 
stiffness is valuable. Such a technique [14], investigated within the framework of 
FP6 EU PROHITECH [13], applies a stainless or zinc coated steel wire mesh 
bonded with epoxy resin to the masonry walls (see Figure 1), on one or both sides. 

   
Figure 1. Retrofitting solution based on epoxy-glued steel wire mesh (SWM) 

Masonry structures are mainly composed of transversal and longitudinal load 
bearing walls which withstand at both vertical and horizontal loads. A proper 
connection between walls and floors, inhibit out-of-plane associate failure modes 
and consequently the building resist lateral at earthquake actions by shear response 
of walls. Figure 2 shows typical in-plane damages of masonry walls subjected to 
earthquakes. 

 
Sliding failure (a)   Flexural failure (b)  Shear failure (c) 

Figure 2. Retrofitting solution based on epoxy-glued steel wire mesh 
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The retrofitting solution can be applied to internal shear walls and on façade, either 
on piers or spandrel (see Figure 3). In most of the cases old masonry buildings 
shown weaker piers than spandrel, so to obtain a maximum beneficial effect of 
reinforcing technique, these areas are to be retrofitted. Important advantage of this 
technique may be related to its reversibility - wire mesh fixed with epoxy resin can 
be removed easily from the masonry wall by heating the resin layer. 

 
Figure 3. Critical failure modes in a masonry wall with openings [15] 

All the available analytical models to estimate the in-plane strength require basic 
mechanical properties of masonry material. This fact makes the experimental 
investigation on masonry materials essential before the assessment of structures 
can be performed. 

2. EXPERIMENTAL PROGRAMS 

The behaviour of masonry material under lateral loading is highly different due to 
high non-homogeneity and composite nature of masonry components. The different 
mechanical properties of masonry units and mortar and their interface makes the 
masonry system behaviour difficult to predict using simple hypotheses as adopted 
for other construction materials. The masonry mechanical behaviour can establish 
through experimental tests, which can be used for calibration of numerical models 
used for development of analytical. 

In addition to the pure masonry intricate response, steel wire mesh reinforced 
masonry walls have even a more complex behaviour and no analytic procedures for 
design are available; therefore, advanced numerical models confirmed by extended 
experimental tests are need. Is briefly presented the experimental program, carried 
out at Politehnica University Timisoara in the CESMAST laboratory. Mechanical 
characterization of a highly inhomogeneous material composed by solid clay-brick 
masonry glued by means of epoxy resin with steel wire layer material was aimed. 

The experimental work included laboratory tests under monotonic loading on 
masonry prisms: for the estimation of masonry compressive strength (fmc) and 
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elastic Young modulus (E), besides tests on constituent materials i.e. brick units: 
for unit compression strength, mortar: for compression strength (fm) (see Figure 4). 
Most valuable are the test on wallets: for the estimation of diagonal tension 
strength (ft) and shear modulus (G) (see Figure 7). 

   
a) Compression brick b) Elastic modulus masonry c) Elastic modulus mortar 

  
d) Tension mortar e) Compression mortar 

Figure 4. Tests on masonry and components (mortar and brick) 

Six different types of steel wire and steel wire meshes have been tested (see Figure 
5) (three zinc-coated (ZC) 0.25x0.40, 0.25x0.56, 0.4x1.0 and three made of 
stainless steel (SS) 0.3x1.25, 0.4x0.5, 0.4x1.0 – wire diameter – grid distance). The 
material behaviour is presented in Figure 6. Based on the experimental result from 
application on one side (Figure 9), three wire meshes were applied on both sides. 

  
Figure 5. Tensile tests on individual steel wire and steel meshes 
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Figure 6. Material behaviour - steel wire and steel meshes [14] 

2.1. Experimental tests – wallets tests 

2.1.1. Description of the tests set-up and specimens 

One of the most important masonry experimental tests is applied on wallets. This 
test offering diagonal tensile test and shear modulus. Tests on masonry panels 
(wallets) of size 500 mm x 500 mm with 250mm thickness were prepared in 
regular masonry bond pattern using solid clay bricks with dimensions 63x240x115 
mm and unit strength 9.010.0 N/mm2 and cement based mortar (cement : sand 
ratio was 1:1) with strength 3050 N/mm2. Tests were performed on panels, 
retrofitted on one side or in both sides, for the estimation of diagonal tension 
strength of masonry. The whole experimental program (on other retrofitting 
solution too [16]) included a total number of 27 retrofitted wallet samples, from 
which steel wire mesh (swm) was applied on one side in six specimens and on both 
side on nine specimens. 

The testing setup is shown in Figure 7. Two displacement transducers were 
installed, on horizontal (D2) and vertical (D1) directions, to measure the total 
horizontal and vertical deformation of the specimen. During tests all the 
specimens’ strain and movement were recorded with the use of non-contact optical 
system, Limess VIC-3DTM from Correlated Solutions [17]. Strain gauges were also 
placed on the wallets surface. 

The wallets test setup is for diagonal tensile strength based on the fact that the 
specimen is subjected to pure shear. The masonry element is cracked when the 
principal stress at the centre of the panel becomes equal to the tensile strength of 
masonry. However, based on numerical and analytical studies, the specimen is not 
subjected to uniform and homogenous state of stresses and is not subjected to pure 
shear. 
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Figure 7. Wallets 

2.1.2. Experimental results 

One can observed based on typical damage pattern that the masonry cracks 
developed upon failure follows mostly bed and head joints of masonry. This fact 
indicate that mortar and mortar-brick interface bond strength plays an important 
role in the masonry strength. 

      
Figure 8. Damage pattern 

   
Figure 9. Damage pattern of one side retrofitted elements with swm 
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2.1.3. The benefit of the retrofitting solution 

In Table 1 are given the values of the maximum load and vertical and horizontal 
displacement for each of the experimental specimen. The following failure modes 
and capacity were observed (see Figure 10) for wallets retrofitted on both sides: 

ZC 0.4x1.0 – sudden wire mesh rupture simultaneous with masonry crack – 
resistance improvement (weak wire mesh); 

SS 0.4x0.5 – debonding of wire mesh, rupture in resin – strength improvement, 
energy dissipation due to the successive debonding (strong wire mesh); 

SS 0.4x1.0 – wire mesh yield – improvement of resistance and ductility (optimal). 

Table 1. Results of SWM applied on both side [14] 

 Load (ton) Vertical 
displacement (mm) 

Horizontal 
displacement (mm) 

1 2 3 1 2 3 1 2 3 
ZC 0.4x1 
SS 0.4x1.0 
SS 0.4x0.5 

31.2 
31.1 
31.1 

27.3 
27.1 
22.8 

27.1 
41.1 
39.4 

0.8 
6.2 
4.5 

5.5 
2.7 
8.9 

1.3 
7.6 
4.6 

0 
0.7 
0.4 

0 
0 
0.8 

0 
0.8 
0.4 

2.1.4. Digital deformation measurements 

In the Figure 10 are presented the internal deformation (i.e. principal tensile strain) 
at failure point for each of the specimens retrofitted with steel wire mesh on both 
sides, measured with Vic3D, based on digital image correlation (DIC) technique. 
The VIC-3D calculates the Lagrangian strain tensor on the specimen surface [17]. 

   
Zinc coated 0.4x1.0 (1, 2 and 3) 

   
Stainless steel 0.4x0.5 (1, 2, and 3) 
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Stainless steel 0.4x1.0 (1, 2 and 3) 

Figure 10. VIC-3D 

Optical measurements’ have shown an ultimate tensile strain of un-retrofitted 
masonry varying from 0.0016 – 0.004, after which, in post-cracking domain, the 
load capacity of specimens is suddenly and completely lost. The composite 
masonry-steel mesh system starts to record inelastic deformation at 0.002, but 
continues to maintain almost constant the load bearing capacity of specimen in the 
post-cracking domain, until reach a tensile strain of 0.121. Even after capacity 
decrease of the specimens, the steel wire mesh (swm) embedded in epoxy resin 
doesn’t fail at strains larger than 0.175. If normally the ultimate horizontal 
deformation of a masonry wallet is less than 0.2 mm (see Figure 11), the retrofitted 
specimens easily exceeded 3 mm (see Figure 12). 

  
(a)     (b) 

Figure 11. Horizontal crack opening masonry (a) vs. masonry-steel-wire-mesh (b) VIC-3D 

Due to the high scattering of the masonry mechanical characteristics, in order to 
perform a statistical interpretation of the experimental results are needed many 
experimental specimens on the same techniques. In our case, three different 
retrofitting techniques for masonry walls and three specimen for each of these were 
experimentally studied. Based on previous observation, the experimental results 
have more an indicative character offering a qualitative results values for the 
ultimate strength and the ultimate displacement of the retrofitted walls (see Table 
1). From this point of view it is difficult to assess clear values for the improved 
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mechanical characteristics. This fact makes it not so important to do a quantitative 
replication of experimental test, rather to point out the beneficial effects on global 
behaviour of elements. 
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Figure 12. Total horizontal deformation of SS 0.4 x 1.0 retrofitted specimens 

3. NUMERICAL ANALYSIS OF MASONRY ELEMENTS 

3.1. Problem dimension and section types 

Due to the fact that the wallets are not quite subjected to a uniform and 
homogeneous state of stress the problem dimensionality may become an issue. It is 
obvious, the three-dimensional solid elements defined in three-dimensional space 
solve all problems degree of difficulties. Because of the huge amount of 
computational resource and time involved, these elements are recommended only 
when the geometry and/or the loading and boundary conditions are too complex for 
any other element type with fewer spatial dimensions and degrees of freedom. 
Using solid 3D elements makes some global analysis on real scale structure 
impossible to be performed, so the user have to use one from several different 
types of two-dimensional elements [3]. 

Choosing the element's dimensionality combined with modelling space is one of 
the key aspect in finite element simulations. Modelling space refers to the space in 
which the elements are embedded and not to the topology of the element. For entire 
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structures with transversal and longitudinal walls a three-dimensional element must 
be used. In many cases, similar to the hand calculation approaches, the masonry 
buildings can be divided in planar shear walls and only a façade or internal wall 
could be model with a two-dimensional planar part using two-dimensional solid 
continuum elements. Are included plane stress elements and plane strain elements. 

Material properties for masonry elements are obtained on solid elements with 
comparable size on all directions. The transition from 3d calibrated models to 2d 
models could introduce inherent differences due to the change in states of stress. 
For this reason 3D Shell elements are preferred for this study. 

Solid sections includes the material type and, if the section is to be associated to a 
two-dimensional region, the section thickness must be specified by a plane stress or 
plane strain thickness. For a shell sections one must define the thickness, material 
type. Many commercial finite elements software [3] includes a special type of shell 
section, i.e. the composite shell sections. Composite shell sections consist of layers 
of materials, a section Poisson's ratio, and optional rebar layers. 

3.2. Modelling issues 

Few commercial finite element software have in their material library defined 
masonry materials behaviour laws. During the last forty years, an enormous growth 
in the development of numerical tools for structural analysis has been achieved. 
Nowadays, the finite element method is usually adopted in order to achieve 
sophisticated simulations of the structural behaviour. A description of the material 
behaviour, which yields the relation between the stress and strain tensor in a 
material point of the body, is necessary for this purpose. This mathematical 
description is commonly named a constitutive model and an important objective of 
today’s research is to obtain robust numerical tools, capable of predicting the 
behaviour of the structure from the elastic domain until total failure, due to 
excessive cracking and rigidity degradation. 

3.2.1. Discontinuous modelling of masonry 

Lately, a considerable attention has been given to rational assessment 
methodologies, to be directly consistent with the discontinuous nature of structural 
masonry. 

The discontinuities in continuous systems are in fact interfaces between dissimilar 
materials and joints or fractures in the material. A survey of the literature [12] on 
finite element modelling of cracks and joints shows that three main approaches are 
common for a representative analysis: the discrete crack and the smeared crack 
approach or the use of joint or interface elements. 
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Discrete crack approach represents the crack as a separation of nodes. When the 
stress or strain at a node, or the average in adjacent elements, exceeds a given 
value, the node is redefined as two nodes and the elements on either side are 
allowed to separate increasing the number of equations to be solved and extends 
the bandwidth of the stiffness matrix. 

In the smeared crack approach, cracks and joints are modelled in an average sense 
by an appropriate modification of the material properties at the integration points of 
regular finite elements. 

Smeared cracks are convenient when the crack orientations are not known 
beforehand, because the formation of a crack involves no re-meshing or new 
degrees of freedom. However, they have only limited ability to model sharp 
discontinuities and represent the topology or material behaviour in the vicinity of 
the crack. 

The method is attractive if global analysis of large-scale masonry structures is 
required. It does not make a distinction between individual bricks and joints, but 
treats masonry as an anisotropic composite such that joints and cracks are smeared 
out. An inherent limitation of the smeared crack approach is that discrete cracks are 
smeared out over an entire element and the crack opening is modelled by the 
continuous displacement approximation functions of the conventional finite 
element approach. In view of this limitation, as well as other problems such as 
mesh-dependency due to tensile and compressive softening and difficulties of 
model calibration, smeared crack models should only be used with caution for the 
analysis of discontinuous structures. 

The Interface smeared crack approach combines the advantages of the discrete and 
smeared approaches described above, treating cracks discretely like joint elements, 
but, like smeared crack elements. 

Most of the crack models available have only limited ability to model sharp 
discontinuities present in many structural systems. 

3.2.2. Continuous modelling of masonry 

The first step toward carrying out such analyses is to develop adequate constitutive 
models. In the case of masonry, when using the continuum model approach, three 
levels of approximation might be applied: micro-models, simplified or detailed, 
and macro-models [1]: 

• Micro-modelling – when units are represented by continuum elements whereas 
the behaviour of the mortar joints and unit-mortar interface is lumped in 
discontinuous or interface elements. A complete micro-model must include all the 
failure mechanisms of masonry, namely, cracking of joints, sliding over one head 
or bed joint, cracking of the units and crushing of masonry. 
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In the micro-model, each component of masonry – unit, mortar (simplified), and 
unit/mortar joint (detailed) – must be represented by different finite elements. The 
employment of a micro-model to analyse an entire building becomes prohibitive, 
since it would result in a large number of finite elements, and consequently require 
a lot of computer resources to run the analyses. 

Two approaches can be used: the first one is the simplified or layer model, without 
taking into account the interface (friction law) between brick unit elements and 
mortar elements (Figure 13b), and the second one detailed or interface model, by 
introducing a normal and tangential contact surface instead of mortar layers (Figure 
13c).  

These kinds of detailed and simplified micro-models have very accurate results 
provided that there are suitable input data. This type of analysis is the most 
advanced level of numerical simulation for masonry elements. It is very 
appropriate for simulating out-of-plane behaviour of masonry, but for in-plane 
behaviour this type of approach is not justified due to the high complexity 
compared to similar results as in easier approaches. 

However, if there is a high interest in observing local behaviour and interaction 
with other elements or material this technique may be the only one that leads to 
coherent results. 

• Macro-modelling – use an anisotropic continuum model that establishes the 
relation between average stresses and average strains in masonry, considering 
composite masonry as a homogeneous material. 

Units and joints are not represented anymore and the geometry of masonry 
constituents (units and joints) is lost (Figure 13d). An adequate macro-model must 
include anisotropic elastic and inelastic behaviour. 

 
Figure 13. Advanced modelling approach (a) masonry sample; (b) detailed micro-

modelling; (c) simplified micro-modelling; (d) macro-modelling [2] 
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3.2.3. Macro-modelling of masonry elements 

This type of analysis is the most suitable from the point of view of balance between 
involved time and accuracy of the results. Macro-modelling requires an extra 
process, homogenization [6]. Homogenization of masonry is a step that has been 
widely treated in articles [7], [8], [9], [10], [11] proposing complicated energy and 
deformation compatibility equations. Even so, the obtained results must be 
seriously calibrated after this homogenization, in order to obtain a good correlation 
with the experimental tests. 

The most convenient approach is to use o macro-model in which the material 
behaviour characteristic parameters to be borrowed from concrete models. 

Because of the non-symmetrical behaviour in tension and compression, typically 
for a concrete material calibration at least uniaxial compression and uniaxial 
tension experimental tests are needed. Default values which consider the bi-axial 
behaviour of concrete are available in the scientific literature [3] based on large 
experimental campaigns. If an accurate post-failure/cracking behaviour is desired 
than other experiments may be required. Unlike concrete elements, due to their 
inherent inhomogeneous character masonry pose an anisotropic behaviour. At least 
theoretically the material mechanical properties should be defined taking into 
account their directionally dependent character. 

The uniaxial compression test consist in compressing the material specimen. By 
recording the load and displacement, applying simple formulas one can extract the 
stress-strain curve. Uniaxial tension test is much more difficult to perform and only 
the pre-failure response can be obtain with enough confidence even for mortar 
specimens. In case of masonry specimens this kind of test is not available, and one 
can make only assumption about the tensile failure strength of the masonry 
material. The scientific literature recommends a value of 7%–10% of the 
compressive strength. The choice of tensile cracking stress is very important, 
because in almost all cases the failure mode is govern by tensile behaviour. Use of 
low cracking stresses will cause numerical problems. 

In case of brittle material, calibration of the post-cracking behaviour depend on the 
reinforcement present. For masonry behaviour law, a stress-displacement tension 
stiffening model is recommended with typical values less than 0.05 mm. In case of 
reinforced masonry, if the reinforcing layer is strong enough, the stress-strain 
tension stiffening model is more appropriate. For numerical models with an 
acceptable mesh network could be assumed that the strain softening after cracking 
brings the stress to zero at a total strain 10 times the strain at failure. This results a 
zero stress at a total strain of about 0,001 or less [3]. 

To understand the post-cracking shear behaviour combined tension and shear 
experiments are used. Unfortunately these experiments are quite difficult to 
perform. Without experimental results one may assume with a good confidence 
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that the shear retention factor goes linearly to zero at the same crack opening strain 
used for the tension stiffening model. 

For defining the failure ratios which gives the biaxial yield and flow parameters 
biaxial experiments are required to calibrate [4], [5]. 

High scattering of the masonry mechanical characteristics, impose for the statistical 
interpretation of the experimental results many experimental specimens on the 
same techniques. In our case were experimentally study three different techniques 
for masonry walls retrofitting and only three specimen for each of these. On this 
observation, the experimental results have more a qualitative values offering an 
indicative results values for the strength and displacement characteristics of the 
retrofitted walls. 

3.2.4. Concrete smeared cracking model 

This materials uses oriented damaged elasticity concepts (smeared cracking) to 
describe the reversible part of the material's response after cracking failure [3]. 

The concrete smeared cracking model was made for defining plain concrete 
elements (beams, trusses, shells, and solids) behaviour for monotonic loadings 
under low confining pressures with small consideration of the confining effect. The 
material use an isotropic hardening yield surface active when the stress is mainly 
compressive.  

This material law assumes that cracking is the most important aspect of the 
behaviour of such a relatively brittle material, and representation of cracking and 
post-cracking behaviour prevail the model. An independent “crack detection 
surface” that determines if a point fails by cracking. 

The compressive behaviour law must to be defined. One can model post-cracking 
behaviour for direct straining across cracks with tension stiffening, which allows to 
define the strain-softening behaviour or by means of a post-failure stress-strain 
relation or by applying a fracture energy cracking criterion giving a displacement at 
which gives zero stress along cracks. 

The cracking phenomenon makes shear stiffness smaller. The shear modulus is 
define as a function of the opening strain across the crack. In case of wallets 
specimens the overall response is not strongly dependent on the amount of shear 
retention. 

The shape of the failure surface is defined by means of four values [3]: 
- Ratio of the ultimate biaxial compressive stress to the uniaxial compressive 

ultimate stress – 1.16; 
- Absolute value of the ratio of uniaxial tensile stress at failure to the uniaxial 

compressive stress at failure – 0.625; 
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- Ratio of the magnitude of a principal component of plastic strain at ultimate 
stress in biaxial compression to the plastic strain at ultimate stress in uniaxial 
compression – 1.28; 

- Ratio of the tensile principal stress value at cracking in plane stress, when the 
other nonzero principal stress component is at the ultimate compressive stress 
value, to the tensile cracking stress under uniaxial tension – 0.33; 
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Figure 14. Theoretical interaction curves (ABAQUS – Concrete smeared cracking [3]) 

4. NUMERICAL RESULTS AND CONCLUSIONS 

In present study a macro-model approach was adopted. Due to very complex 
mathematical procedure and experimental results need for the homogenisation 
process, the finite element model from this article used the masonry material 
properties, i.e. tensile strength (ftm = 0.45MPa) and compressive strength (fcm = 
7.5MPa), taken from the wallets tests. 

A 3D Shell element was chosen in order to reduce the computational effort and 
time and, more important, to be adequate for large models resulting in modelling 
real structures. Also a 3D Solid based model was built for validate the shell finite 
element model. 

The concrete smeared cracking was used for both masonry (mas) and complex 
masonry-steel wire mesh (mas-swm) materials. Many empirical equations are 
suggested in scientific literature and design standards as constitutive laws for 
masonry elements as a homogenous material, subjected to compressive loading 
normal to the bed joints. Due to the fact that principal tensile stresses cause 
cracking and failure of the specimens, a very simple rectangular law was used for 
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uniaxial compression behaviour (elastic – perfect plastic). The following properties 
have been defined k = 7.5 MPa maximum allowable compression strength. 

The only difference introduce at the definition of the two materials (i.e. mas and 
mas-swm) is the value for the tension stiffening. Even if for the complex mas-swm 
material a strain type definition could be more appropriate, for the sake of 
simplicity, for both cases the tension stiffening was define in terms of 
displacement, i.e. 0.2 mm for masonry and 3 mm for complex masonry-steel mesh 
material. 

The mesh technique was structured, consisting in an 8 by 8 finite element square 
network, using 64 linear quadrilateral elements of type S4R [3]. 

In terms of global behaviour the masonry elements shown a sudden failure after 
reaching the maximum crack width. In case of retrofitted elements an important 
increase of capacity from approximate 16t around 30t. For retrofitted element after 
reaching the maximum force and important “inelastic plateaux” was observed and 
a major increase of crack opening have been obtained. 

Unfortunately it is most difficult to obtain an almost rigid behaviour until crack and 
such a “yielding plateaux” behaviour for brittle material laws, therefore a 
compromise between the numerical and experimental results have to be accepted. 
Taking into account that this material calibration is intended to be used for global 
seismic retrofitting analysis of structures, the most important aspects are the energy 
dissipation, yield-point, ultimate displacement and stiffness. Complex nonlinear 
behaviour are subject to a linearization process. A bilinear idealization of the 
behaviour curve it is common practice in performance based evaluation in seismic 
engineering. In Figure 15 are shown the numerical results on the retrofitted 
material. The numerical model stops at 2 mm horizontal displacement. After this 
point the integrity of the element is compromised. 
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Figure 15. Horizontal deformation of masonry (MAS) and (MAS-SWM) 
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One may notice that the experimental results may be consider as bi-linear 
simplified behaviour of the numerical behavioral curve, keeping unaltered the 
energy dissipation and yield point.  

The numerical simulation have proved that by modifying only one parameter from 
the material definition (i.e. the displacement in the tension stiffening definition), 
the numerical model is able to replicate the important increase of strength and 
deformation capacity. As was before mention, because of the high degree of 
experimental result scatter (see Table 1), is was not the aim of this study to 
calibrate in detail the material behaviour, but only to propose an equivalent 
material that easy to be apply in case of an performance based seismic assessment 
of an existing masonry wall bearing structure. If the energy dissipation, overall 
capacity and ultimate deformation are almost the same for the elements composed 
by complex material and the numerical model, then the global assessment is quite 
fair. It is true that because of the different rigidity of the real element and numerical 
model, the evaluation of the neighbouring elements, such as floors and foundations, 
should be perform applying other hypothesis. 

In conclusion a simple material model assigned to 3d deformable shell elements 
could offer a reasonable preliminary estimation of overall benefits of such very 
complex anti-seismic retrofitting technique. But even so further detailed numerical 
investigation by means of either 2d composite shells or 3d solid elements used in a 
macro or micro-model taking into account the real interaction laws between its 
components it will be necessary to fully describe the real behaviour of the 
retrofitting solution. 
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Summary 

A large part of the built cultural heritage is affected by structural damages which 
may lead to infringements of the essential quality requirements of the buildings. 
Structural analysis contributes to the safety assessment and design of the necessary 
interventions, therefore accurate results are needed in order to avoid 
inappropriate rehabilitation solutions. This paper describes the modelling methods 
of masonry structures taking into consideration different strategies of analysis in 
correlation with the complexity of the investigated elements and with the type of the 
expected results. Advantages and disadvantages of different modelling techniques 
and the applicability of the latter in the field of old masonry structures assessment 
are presented. Also, a case study composed of different FEM analysis for a 
masonry monumental building is presented. Aspects resulted from modal and 
linear static analysis are discussed. 

 

KEYWORDS: masonry monumental buildings, modelling strategies, modal and 
linear static analysis. 

1. INTRODUCTION 

From a structural point of view, masonry historical buildings are characterized by: 
high degree of static indetermination, complex geometry given by the overlapping 
elements, high variations of transversal cross section, and differences in rigidity or 
irregular mass concentrations.  

In general, unreinforced masonry structures are characterized by complex structural 
system, being composed of massive walls on which, arches, vaults and domes rest. 
The structural over strength evaluation, especial to seismic action, is made by the 
identification of the areas with high stress concentration. Thus, a realistic 
modelling of the structural system is required. 

Linear analyses are not always appropriate due to the complexity of historical 
masonry structures, which, besides the anisotropic character behave different in 
tension and compression. Moreover, because of the insignificant tension strength of 
the masonry, linear analysis can be considered inaccurate even at low levels of 
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loads. Masonry structures, especially those with arches and vaults, during the 
degradation process (which comes with local failures and dislocations), create 
numerous subsystems that are no longer subject to the initial conditions and 
therefore their shape and boundary conditions cannot be described 
anymore. However, the linear analysis is effective in identifying the global 
tendency of building behaviour, the modal characteristics and the areas in which 
the structure is subjected to stress concentrations which may lead to gaps in the 
continuity of the material. The required input data consists in the masonry specific 
weight and the modulus of elasticity. Despite all the restrictions, in recent decades, 
linear analyses were used to simulate the structural behaviour of a large number of 
masonry buildings with high cultural value [1]. 

1.1. Modelling strategies 

Masonry is a composite material with direction-depended properties related to the 
geometry and to the mechanical properties of its constituents (brick or stone and 
mortar). Due to the low resistance of the mortar in both tension and compression, 
the masonry joints may lead to horizontal and vertical failure surfaces.  

Depending on the complexity level corresponding to the structural analysis, three 
main strategies have been developed for masonry modelling: detailed micro-
modelling, simplified micro-modelling and macro-modelling. 

The decision of choosing a suitable modelling strategy depends on the expected 
analysis accuracy and on the size of the model (fig. 1). Micro-modelling provides a 
more realistic representation of the structural behaviour of masonry, but it has a 
prohibitive character due to the large number of degrees of freedom that are used, 
because of the increased volume of input data and also, due to the complexity in 
defining the failure criterions for masonry.  

Thus, this method has proved suitable for studying the local behaviour of masonry 
structures, with a low level of complexity, especially for modelling masonry 
elements tested experimentally, being able to capture all possible failure modes of 
masonry.  
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Figure 1. Masonry modelling techniques and strategies 

Between micro-modelling and macro-modelling, the homogenization concept plays 
an important role in the analysis of masonry, referring to a unique continuous 
medium and aiming to determine the mechanical parameters of a fictitious 
homogeneous material which is able to simulate the real heterogeneous material. 

Constitutive structural macro-models are relatively simple to use, they require less 
input data and the failure criterion for masonry is defined, in general, by a 
simplified law. Constitutive equations of the material, in this case, are suitable for 
studying the behaviour of the entire masonry structure because it reduces 
computation time and performance. The difficulties in macro-modelling consists in 
the formulation of quasi-brittle materials behaviour laws considering, in general, 
different failure criteria in tension and compression [2]. 

1.2. Shell and solid elements 

Geometric representation of the structure can be made using two-dimensional 
elements (shell elements) or three-dimensional elements (solid elements). No 
element is superior to the other, the decision of choosing one depending entirely to 
the complexity of the problem (fig. 2).  

For example, it would be unnecessary to use solid elements for the out of plane 
investigation of a masonry wall. Instead of solid elements, it would be enough to 
use shell elements for such a kind of investigation. When the concern is the 
investigation of a thick wall for in-plane loading, using shell elements (Fig. 2) 
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would be an inappropriate decision since it would be very difficult to investigate 
the stresses through the thickness of the wall. 

 
Figure 2. Shell and solid elements in masonry modelling 

Because the two-dimensional elements are defined by a small number of nodal 
connections, their use in modelling masonry structures leads to efficient and 
practical analysis. In contrast, solid-type elements allow the control of the stress 
evolution within the structural elements, a necessary information regarding 
masonry structures with thick walls. 

One of the basic principle of creating an analytical model is creating a geometrical 
model. However, it is difficult to distinguish between the structural and decorative 
elements in case of historic masonry structures. As a general rule, the geometric 
idealization should be as simple as possible.  

In ETABS software, a shell is a three or four-node area object used 
to model membrane and plate-bending behaviour. Shell objects are useful for 
simulating floors, walls, 3D curved surfaces and components within structural 
members. Often, an eight-node solid brick element was used to model masonry.  

These elements include a smeared crack analogy for cracking in tension zones and 
a plasticity algorithm to account for the possibility of concrete crushing in 
compression regions.  

2. CASE STUDY 

The “Al. I. Cuza” University of Iasi is an historical monument, and it was built 
between 1893 - 1897 on the site of the former Grand Theatre from Copou and 
School of Fine Arts, being designed by the Swiss architect, Louis Blanc. 

https://wiki.csiamerica.com/display/kb/Modeling+techniques
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The building has been further developed and strengthened in several stages, of 
which the most important after the Second World War and after the 1977 
earthquake. The building is still used, serving as educational and research spaces. 

In order to assess historical masonry buildings, linear and nonlinear dynamic 
analysis, based on FEM, offer important information and contributes to their 
classification in seismic risk classes and in the development of the intervention 
solution.  

The finite element method (FEM) is a technique based on numerical analysis in 
order to obtain approximate solutions further used to determine the variation of 
parameters characterizing continuous media (field displacements, strains, stresses).  

The basic idea of the FEM is based on the possibility of describing the real strain 
field through their values in a finite number of points. Usually finite elements are 
defined in the process of meshing, which occur as the result of decomposition of a 
domain into several compatible subdomains with disjunctive interior. The method 
was widely used in the evaluation of historic masonry buildings in linear and 
nonlinear analysis, offering good results in describing the structural response of the 
buildings [3]. 

2.1. Finite element model 

 
Figure 3. Structural analysis of “Al.I. Cuza” University, based on macro-modelling strategy 
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The analysis models were developed by using Etabs V9.7.2. software (fig. 3). The 
model has 90.000 shell elements both for walls and floors, with a meshing step of 
0.4m and 1m. The difficulties in the modelling process consisted of simulating the 
geometry of the very large sized building, with curved walls and floors at different 
levels. 

3. MODAL ANALYSIS 

In the first step, a modal analysis has been carried out, revealing the characteristic 
deformed shapes and periods of the building for each vibration mode. After 
preliminary analysis, it has been observed that significant modal masses are present 
only for the modes with the vibration period of 0.48 to 0.16 s. outside this range, 
the vibration modes are insignificant in terms of deformations and tensions induced 
by seismic loads. 

A number of 100 vibration modes were included in the analysis to obtain the sum 
of the participation mass factors over 90% on both directions. The first 4 vibration 
modes are presented in figures 4 to 7. 

 
Figure 4. First vibration mode T=0.480s 
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Figure 5. Second vibration mode T=0.409s 

 
Figure 6. Third vibration mode T=0.395s 
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Figure 7. Forth vibration mode T=0.371s 

Overall, the allure of the deformed shapes of the structure does not fit precisely in 
the main directions of the structure (transversal and longitudinal) but rather seems a 
mix of simultaneous translational and torsional modes in different parts of the 
buildings, mainly due to the in-plane shape.  

Obviously, the modal analysis obtained by computer simulation has a degree of 
precision and detailing far superior to any manually approach, regardless of the 
used method. 

4. LINEAR STATIC ANALYSIS 

The structural analysis of the monumental building was performed by subjecting 
the finite element model to three types of actions: dead load, live loads and seismic 
loads. The actions were defined in accordance with Romanian standards, in 
agreement with Eurocode 8. Table 1 presents the load cases defined by the code. 
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Table 1. Load cases 

The fundamental loading cases  
 

The special loading cases 
 

Where: Gkj – the dead load; Qki – the live load; Qkj – the predominant live load; 
Ψ0,1 – the live load factor equal to 0.7; AEk – the earthquake action for a 
recurrence interval of 100 years, P100 - 2006; Ψ2,i – the live load coefficient equal 
to 0.4; γI – the coefficient of importance equal to 1.20 for importance class 2. 

The seismic actions have been introduced in the program in a response spectrum 
analysis using the design accelerations spectra (fig. 8) according to the national 
code P100/2006. 

 
Figure 8. Elastic and design accelerations spectra 

On the basis of modal analysis, further seismic analysis on the two main directions 
of the building was performed. The deformed shapes of the construction, in the two 
main directions, parallel and perpendicular to the central core, are shown in figures 
9 and 10. 

From the following figures it is clear that the seismic action parallel to the central 
body, leads to a state of deformation more pronounced on the secondary façade 
bodies, while an earthquake action on perpendicular direction tends to deform 
predominantly the central body.  
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Figure 9. Deformed shape – seismic action on longitudinal direction 

 
Figure 10. Deformed shape – seismic action on transversal direction 

Obviously, the differences in stiffness of the bodies that compose the structure, in 
relation to the each direction of the earthquake, determines an almost different way 
of structural response for each individual body. 
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Analysing the stress state in the walls of the main and secondary façade (fig. 11), it 
has resulted that compression stresses are close to the masonry compression 
bearing capacity of 4.5N/mm2, determined through experimental investigations.  

 

 
Figure 11. Compression stresses maps at main and secondary façade walls 

 

 
Figure 12. Tension stresses maps at main and secondary façade walls 
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At the secondary façade wall, the stresses in the central and marginal piers, at the 
ground level, are about 3.6N/mm2. At the main façade, the maximum compression 
stresses are reached in the piers wich support the metallic girdes of the floors. 

The tension stresses (fig. 12) are with maximum values of 1.6N/mm2 at the 
secondary façade walls and 1.8N/mm2 at the main façade walls, mainly in the 
zones that suffered most damage during the 1977 seismic action. 

5. CONCLUSIONS 

In the mechanical analysis of historical masonry buildings, the structural 
evaluation, especial to seismic action, is made by the identification of the areas 
with stress concentration therefore a realistic modelling of the structural system is 
required. 

Constitutive structural macro-models are relatively simple to use, require less input 
data and are suitable for studying the behaviour of the entire masonry structures 
because it reduces computation time and performance. The difficulties in macro-
modelling relates to the formulation of quasi-brittle materials behaviour laws 
considering, in general, different failure criteria in tension and compression. 

The linear model is effective in identifying the global tendency of building 
behaviour, modal characteristics and areas in which the structure is subjected to 
stress concentrations able to interrupt the continuity of the masonry. 

Linear analyses can be efficiently and successfully used to simulate the structural 
behaviour of masonry monumental buildings with realistic results in the process of 
their structural evaluation. 
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Summary 
The introduction of Eurocodes regulations imposed on masonry structure buildings 
the use of a large number of reinforcing elements, especially in areas with intense 
seismic activity. Thus, in the Moldavia area of Romania choosing the structural 
system for buildings with regular plan configuration, aiming for optimal price-
performance ratio, is a current issue. 

The paper presents an analysis of the behaviour of concrete frame structure and 
active masonry structure, for a building with regular plan configuration, placed on 
areas with different peak ground acceleration. Structural and architectural 
conformation of the building follows the current regulations, 2013 version. The 
study is conducted by using numerical modelling program ETABS, information on 
the properties of the used materials is obtained by tracking the sites of producers. 

Finally, some conclusions and recommendations are mentioned regarding the 
choice of the structural system for buildings with regular plan configuration, as 
well as regarding structural conformation of active confined masonry walls. 

1. INTRODUCTION 

In our country, Vrancea seismic zone is characterized by an intense seismic activity 
caused by the intersection of at least three tectonic units: Eastern - European plate 
and Intra - Alpina and Moesica microplates. The seismic activity is concentrated at 
depths of 60-200 km intermediate in an old subduction plate, almost vertical, which 
leads to the generation of 1-6 events of magnitude Mw > 7.0 on century, in a very 
small focal volume [1]. 

This intense seismic activity requires as essential priority the compliance of the 
strength and stability requirements. Earthquake design aims to satisfy, with an 
adequate degree of safety, the two fundamental requirements (performance levels), 
namely life safety requirement and the requirement to limit damages. To this 
purpose, the structural strength will be designed to meet the seismic action by the 
design value shown in P100 [2], with a sufficient margin of safety compared to the 
deformation level whereat local or general collapse occurred, so that people's lives 
to be protected. Also, the structural systems will be designed to respond to seismic 
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actions with a higher probability of occurrence compared to the design value, 
without degradation of the building or taking of it out of service, whose costs are 
unreasonably high compared to the initial cost of the structure. In designing new 
buildings to meet the seismic action requirements, Romania is divided into seven 
seismic areas, characterized by the horizontal peak ground acceleration, "ag" 
determined for a mean interval of recurrence of reference, value named hereinafter 
as „design ground acceleration". Considering this, the choice of the structural 
system is made by taking into consideration the design ground acceleration, aiming 
to obtain an optimal price-performance ratio. 

The intention of both engineers and beneficiaries is to build as cheaply, as quickly 
and as less difficult as possible. Therefore, for buildings with regular 
plan configuration and reduced height regime (up to B + GF + 3F), placing them in 
different areas of Moldova, raised the issue of choosing the structural system, the 
most commonly used being reinforced concrete frames and confined masonry 
structural walls. According to the code governing the calculation of the strength 
structures with confined masonry walls CR6 - 2013 [3], in areas with ag ≥ 0.30g, 
the disposition of the tie-columns is thickened, their high number leading to a large 
volume of concrete and reinforcement. 

This paper aims to examine the economic benefits of using confined masonry wall 
construction, in three different locations, ag ≥ 0.30g; ag = 0.20g - 0.25g and ag< 
0.20g. To this purpose, a building with regular plan configuration and height of B + 
GF + 2F was modelled in ETABS compute software, considering two structural 
systems - reinforced concrete frames and confined masonry structural walls. Next, 
were computed the materials quantities for the superstructure, namely for concrete, 
masonry and reinforcement, in order to obtain an estimate cost of the building, on 
the three locations and for the two different structural systems. Also, in the case of 
placing the building in areas where ag ≥ 0.30g, a number of solutions were analysed 
for the optimization of the structural strength with confined masonry walls in order 
to reduce the cost. Finally, there are noted a series of conclusions and 
recommendations. 

2. STRUCTURAL AND ARCHITECTURAL CONFORMATION 
OF THE ANALYSED BUILDING 

For the case study a condominium apartment building was analysed. The height 
regime of the building was B + GF + 2F. The research of the real estate market 
showed that lately these buildings are increasingly used, especially in suburban 
areas. 

The analysed building has two apartments disposed on each floor with areas of 
98.6 m2 or 115.8 m2 (Fig. 1). 
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Figure 1. Architectural conformation of the analysed building - confine masonry walls 

placed in seismic areas with ag = 0,35g 

The building was structurally conformed in two different solutions, namely with 
reinforced concrete structural frames and with confined masonry structural walls.  

In the case with confine masonry structural walls, Fig. 2, the wall thickness is of 25 
cm, in the area with ag> 0.25g being used bricks with dimensions of 240 x 115 x 63 
mm, with a standardized compression strength of 30 N/mm2, meanwhile in the 
areas with ag ≤ 0.25g hollow ceramic blocks with dimensions of 240 x 290 x 138 
mm, with a standard compressive strength of 15 N/mm2 were used. Masonry 
mortar used an additive for increasing the plasticity which does not attack the 
seismic anchors placed in mortar joints, with the mean compressive strength of 5 
N/mm2. Confinement elements, as tie-beams (250 x 250 mm) and tie-columns (250 
x 250 mm), are made of concrete of C16/20 class. The reinforcement of the tie-
column is made with PC52 bar with a diameter of 16 mm, while the tie-beams 
reinforcing bars are made of Ø14 mm. Coupling girders are with low rigidity, made 
of reinforced concrete lintels with dimensions 250 x 150 mm, two bricks layers and 
the tie-beams. It is noted that in areas with ag = 0.20 - 0.25g, which requires an 
active wall density of at least 5%, the walls on the axes B', compassed between the 
axes 2-3 and 4-5, and C axis, compassed between the axes 3-4 are replaced with 
non-structural walls. Also, in the case of placing the buildings in areas where 
ag<0.20g, where the minimum required active wall density is 4% in the 
longitudinal direction, the walls on the axes C and B 'are replaced by non-structural 
walls. 
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Figure 2.Building with confined masonry structural walls 

 Horizontal section. ETABS 3D model 

In the second version of structural conformation, figure 3, the structure is a three-
dimensional reinforced concrete frame, consisting of 3 longitudinal plane frames 
and 6 transverse plane frames. Structural elements are made of reinforced concrete, 
class C 20/25. The columns sections are 35 x 35 cm, for areas with ground 
acceleration ag≥0.30g and 30 x 30 cm for areas with ag<0.30g. The beams sections 
are 30 x 50 cm. Reinforcement of columns and beams is made according to current 
regulations. The framed masonry walls are made of hollow ceramic light blocks, 
with low standard compression resistance, of around 5 N/mm2. The mortar used is 
lime and cement mortar, M5. Characteristic compressive strength of the panels was 
2 N/mm2. 

The slabs are similar in both structure variants, with 13 cm thickness and made of 
concrete class C16/20. 

 
Figure 3. Building with reinforced concrete structural frames 

 Horizontal section. ETABS model 
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3. NUMERICAL ANALYSIS OF THE BUILDING ON VERTICAL 
AND SEISMIC ACTION 

Numerical analysis was performed in ETABS software. Load combinations are 
modelled according to in force regulation [4]. With the intention of pointing out 
that analyzed resistance structures successfully takes and transmits to the 
foundation ground both vertical loads and seismic loads, in tables 1 and 2 are 
presented the values of their periods of vibration and maximal drift and the 
borderline values. It is noted that all six buildings have their vibration periods 
beyond the limits and the maximum drift below the value imposed by the 
regulations. 

Table1. Dynamic characteristics of the building with confined masonry structural walls, 
obtained from modelling 

Nr. 
Crt. 

Building’s 
emplacement 

Modes of 
vibration 

Period of 
vibration 

Borderline 
values 

Maximal 
drift 

(ETABS) 

Maximum 
allowable 

values P100 
(SLS) 

1 ag = 0,35g 
Mode 1 0,0711 <0,7 

>1,2 0,52 mm 42 mm Mode 2 0,0621 
Mode 3 0,0558 

2 ag = 0,25g 
Mode 1 0,0919 <0,7 

>1,2 0,56 mm 42 mm Mode 2 0,0717 
Mode 3 0,0651 

3 ag = 0,15g 
Mode 1 0,0978 <0,7  

>1,2 0,53 mm 42 mm Mode 2 0,0706 
Mode 3 0,0646 

Table 2. Dynamic characteristics of the building with reinforced concrete frames, obtained 
from modelling 

Nr. 
Crt. 

Building’s 
emplacement 

Modes of 
vibration 

Period of 
vibration 

Borderline 
values 

Maximal 
drift 

(ETABS) 

Maximum 
allowable 

values P100 
(SLS) 

1 ag = 0,35g 
Mode 1 0,4397 <0,7 

 >1,2 8,61 mm 42 mm Mode 2 0,3661 
Mode 3 0,3513 

2 ag = 0,25g 
Mode 1 0,4397 <0,7 

 >1,2 8,79 mm 42 mm Mode 2 0,3661 
Mode 3 0,3513 

3 ag = 0,15g 
Mode 1 0,5144 <0,7 

>1,2 7,98 mm 42 mm Mode 2 0,4472 
Mode 3 0,4194 
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4. ESTIMATED ECONOMICAL ANALYSIS FOR THE 
SUPERSTRUCTURE COST  

The purpose of the paper is to analyse the economic advantages of choosing 
confined masonry wall structures for buildings with regular plan configuration. 
Therefore, they have been calculated for the 6 fictitious buildings material 
consumption necessary to construct the superstructure namely those of concrete, 
masonry and reinforcement. To determine the estimated costs, the materials prices 
were obtained from researching building materials market in Iasi area. 

In Tables 3 and 4 are presented the material consumptions for buildings located in 
the area with ag = 0.35g. For building with structural masonry walls (table 4) were 
used bricks in order to achieve greater resistance and to avoid using horizontal 
reinforcement in the mortar joints. In this case it is noted that the estimated cost is 
higher than for building with reinforced concrete frames. This is mainly due to the 
high cost of bricks. Consumption of reinforcement and concrete for tie-columns are 
higher than the one necessary for the columns of the frame, but surpluses are 
balanced by consumption of material needed for the beams, much higher than those 
needed for the tie-beams. When using hollow ceramic blocks for structural walls, 
the estimated cost is 31366.27 Euros still higher than the frame structure. 

Table 3. Estimated consume for the reinforced concrete frames building placed in areas 
with ag=0.35g  

Element name Material Quantity/ 
Volume 

Units of 
measurement  

Cost 
[Lei] 

Beams  Concrete C20/25 57.51 

mc 
280 Columns  Concrete C20/25 15.21 

Slabs  Concrete C16/20 81.55 240 
Masonry walls Hollow bricks 231.2 226.84 

Beams 
reinforcement 

PC 52 5607.37 

kg 2.97 
OB 37 3649.8 

Columns 
reinforcement 

PC 52 1687.38 
OB 37 1382 

  

Total weight of concrete 
C20/25 72.72 mc 20361.6 

    Total weight of concrete 
C16/20 81.55 mc 19572 

  Total weight of masonry 231.2 mc 52445.4 

  Total weight of 
reinforcement 12326.55 kg 36609.9 

  
TOTAL COST [RON] 128988.86 

  
TOTAL COST [EURO] 29997.41 
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Table 4. Estimated consume for the building with confined masonry structural walls placed 
in areas with ag=0.35g 

Element name Material Quantity/ 
Volume 

Units of 
measurement  

Cost 
[Lei] 

Tie-beams Concrete C16/20 29.82 

mc 240 Tie-columns Concrete C16/20 32.51 
Slabs  Concrete C16/20 81 

Masonry wall Bricks 242.76 735.6 
Tie-beams 

reinforcement 
PC 52 3014 

kg 2.97 OB 37 1808 
Tie-columns 

reinforcement 
PC 52 3610 
OB 37 1857 

  
Total volume of concrete 143.33 mc 34399.2 

    Total volume of masonry 242.76 mc 178574.3 
  Total weight of reinforcement 10289 kg 30558.33 
  TOTAL COST [RON] 243531.79 

  
TOTAL COST [EURO] 57968.60 

In tables 5 and 6 are presented consumption of material for buildings located in the 
area with ag = 0.25g. It is noted that estimated cost of reinforced concrete frames 
building is higher than the one for masonry building due to the reducing of tie-
columns number required for confinement of masonry walls. Also, for this areas 
can be used hollow ceramic blocks for the structural masonry wall, without the 
need for reinforcement in the horizontal joints. 

Table 5. Estimated consume for the building with confined masonry structural walls placed 
in areas with ag=0.25g 

Element 
name Material Quantity / 

Volume 
Units of 

measurement  
Cost 
[Lei] 

Tie-beams Concrete C16/20 27.22 

mc 240 Tie-columns Concrete C16/20 16.25 
Slabs  Concrete C16/20 83.16 

Masonry wall Bricks 232.62 236.67 
Tie-beams 

reinforcement 
PC 52 2135 

kg 2.97 OB 37 1478 
Tie-columns 

reinforcement 
PC 52 1382.3 
OB 37 928.28 

  
Total volume of concrete 126.63 mc 30391.2 

    Total volume of masonry 232.62 mc 55054.18 
  Total weight of reinforcement 5923.58 kg 17593.03 
  TOTAL COST [RON] 103038.41 
  TOTAL COST [EURO] 23962.42 
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Table 6. Estimated consume for the reinforced concrete frames building placed in areas 
with ag = 0.25g 

Element name Material Quantity/ 
Volume 

Units of 
measurement  

Cost 
[Lei] 

Beams  Concrete C20/25 57.51 

mc 
280 Columns  Concrete C20/25 15.21 

Slabs  Concrete C16/20 81.55 240 
Masonry walls Hollow bricks 231.2 226.84 

Beams 
reinforcement 

PC 52 4582.89 

kg 2.97 OB 37 3649.8 
Columns 

reinforcement 
PC 52 1492.64 
OB 37 1382 

 

Total weight of concrete 
C20/25 72.72 mc 20361.6 

  
  

Total weight of concrete 
C16/20 81.55 mc 19572 

  Total weight of masonry 231.2 mc 52445.41 

  Total weight of 
reinforcement 11107.33 kg 32988.77 

  TOTAL COST [RON] 125367.78 
  TOTAL COST [EURO] 29155.30 

In the tables 7 and 8 are shown consumption of material for buildings located in the 
area with ag = 0.15g. It is noted that the difference between the estimated costs is 
maintained, with decreasing intensity seismic action, structural elements of the 
concrete frame are more slender and less reinforced. 

Table 7. Estimated consume for the building with confined masonry structural walls placed 
in areas with ag=0.15g 

Element 
name Material Quantity/ 

Volume 
Units of 

measurement 
Cost 
[Lei] 

Tie-beams Concrete C16/20 25.02 

mc 240 Tie-columns Concrete C16/20 16.25 
Slabs  Concrete C16/20 84.21 

Masonry wall Bricks 210.25 236.67 
Tie-beams 

reinforcement 
PC 52 1855.6 

kg 2.97 OB 37 1365 
Tie-columns 

reinforcement 
PC 52 1014.4 
OB 37 928.28 

  
Total volume of concrete 125.48 mc 30115.2 

    Total volume of masonry 210.25 mc 49759.87 
  Total weight of reinforcement 5163.28 kg 15334.94 

  
TOTAL COST [RON] 95210.01 

  
TOTAL COST [EURO] 22141.86 
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Table 8. Estimated consume for the reinforced concrete frames building placed in areas 
with ag=0.15g 

Element 
name Material Quantity/ 

Volume 
Units of 

measurement  
Cost 
[Lei] 

Beams  Concrete C20/25 57.65 

mc 
280 

Columns  Concrete C20/25 12.15 
Slabs  Concrete C16/20 81.55 240 

Masonry 
walls Hollow bricks 231,8 226.84 

Beams 
reinforcement 

PC 52 3685.04 

kg 2.97 OB 37 3649.8 
Columns 

reinforcement 
PC 52 1268.86 
OB 37 1382 

  

Total weight of concrete 
C20/25 69,8 mc 19544 

    Total weight of concrete 
C16/20 81,55 mc 19572 

  Total weight of masonry 231.8 mc 52581.51 
  Total weight of reinforcement 9985.7 kg 29657.53 

  
TOTAL COST [RON] 121355.04 

  
TOTAL COST [EURO] 28222.10 

4. CONCLUSION AND RECOMANDATION 

The above analysis argues that in areas with low and medium seismicity, 
peak ground acceleration ag ≤ 0.35g, it is economically advantageous to use 
confined masonry structural walls. In addition to lower material 
consumption, another argument is the more accessible implementing 
technology. It was noted that in these areas the estimated cost is lower for 
buildings with masonry walls, 22141.86 euro to 28222.10 euro in areas with 
ag = 0.15g and 23962.42 euro to 29150.30 euro in areas with ag = 0.25g. 
In areas with ag> 0.25g, by thickening the tie-columns, the material 
consumption increased. If masonry walls are made of bricks, the estimated 
cost is much higher than the cost for reinforced concrete frames, 57968.60 
euro to 29997.41 euro. If ceramic hollow blocks are used, estimated cost 
decreases but still remains higher than the reinforced concrete frame 
structure, due to the need to use reinforcement in horizontal mortar joints. 
In the future, the authors intend to continue the research and to use 
numerical analysis to optimize confined masonry structural walls for  
buildings located in areas with ag = 0.35g, in terms of material consumption. 
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The authors noted that the numerical modelling of the specific structural 
strength was one specific to current design. 
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Summary 

The studies that consider the evaluation and the rehabilitation processes of 
historical masonry structures consist of structural analysis, aiming to better 
understand the seismic behaviour of these buildings, and also, may refer to the 
assessment of the safety level with respect to different rehabilitation strategies. 
This paper present the case of an old historical masonry church for which a base 
isolation system has been developed. Aspects regarding the modelling process, 
finite element method analysis, modal and static linear analysis are presented. The 
efficiency of the base isolation system that has been designed for this specific 
structure is also verified using a time history analysis.  

KEYWORDS: FEM, base isolation, masonry church, time history analysis. 

1. INTRODUCTION 

Historic buildings provide the most tangible legacy of our past civilization and in 
some cases they speak clearer than any remaining manuscripts. Historic masonry 
structures have low ductility, and, due to their stiff and brittle structural 
components, are usually severely damaged during strong earthquakes. The main 
reason for damage is a lack of ductility that prevents a structure from being able to 
sustain the displacements and distortions caused by severe earthquakes. Damage 
caused by earthquakes to historic buildings is irreversible and these lost documents 
cannot be retrieved. The goal should then be to strengthen these structures in a 
manner that requires the least intervention and the greatest care to preserve 
authenticity. This goal, reflected in such conventions as the Venice Charter, poses 
real challenges with traditional masonry structures subjected to earthquakes [1]. 

Seismic isolation systems work by decoupling the building or structure from the 
horizontal components of earthquake ground motion by interposing a layer of low 
horizontal stiffness between the structure and its foundation. This layer prevents 
the transmission of accelerations from the ground to the building. This decoupling 
action is affected by mounting the building on a system of bearings that are stiff in 
the vertical direction (in order to support the building weight) but soft in the 
horizontal direction [2]. 
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With base isolation, the earthquake energy that would have been transferred to the 
structure gets absorbed at the base level. In addition, the period of the isolated 
structure is increased which typically results in a reduction in seismic demands.  

In these ways, ductility demand to the structure is greatly reduced. Displacement 
across the isolation system can be somewhat controlled by the addition of damping. 

Seismic base isolation has so far been applied mainly in newly designed structures 
but has shown great promise in the improvement of existing structures with stiff 
and brittle structural systems. The advantage of this method is in the minimal 
intervention on the existing structure and the protection of architectural integrity. A 
disadvantage is the loss of the cultural layer and any archaeological remains as part 
of the base isolation installation. In the case of compact and exceptionally valuable 
historic structures of smaller proportions, base isolation becomes an acceptable, 
although expensive solution [1]. 

2. STUDY CASE 

The studied church is dedicated to St. Nicholas and was built in Iasi, in 1592 on the 
site of an older church, erected by Alexandru Lăpuşneanu. Over time, the church 
was damaged and repaired several times.  

The design objective for seismic strengthening of the church was to provide global 
and local performances that exceeded the requirements of P100-3/2008. The 
enhanced global performance targets at design earthquake (DE) and maximum 
considered earthquake (MCE) were:  

- - DE (475 year): Performance of between immediate occupancy (IO) and life 
safety (LS)  

- - MCE (2475 year): Performance of between LS and collapse prevention (CP)  

These performance targets exceed the current common seismic retrofit 
requirements of LS and CP at DE and MCE, respectively P100-3/2008. 
Accelerations and drift ratios were reduced to level below the limiting values that 
initiate either in-plane or out-of-plane failure of vulnerable URSM walls. 
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Figure 1. Isometric view of Aroneanu Church 

Due to economic advantages (reduced prices) and the specific behaviour of friction 
pendulum isolators (the mass centre coincides with the centre of stiffness), they 
were chosen as the optimal solution. 

 
Figure 2. Spherical seismic isolators 
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The sliding isolation devices presented in figure 3 are consisting of three main steel 
parts with inner sliding surfaces. The shape of the internal part is always spherical 
and allowing rotations and horizontal sliding displacements as well. The device is 
transmitting the vertical loads and is providing free horizontal flexibility, while 
dissipating energy. 

The proposal of the seismic isolators in plan layout, in accordance with geometrical 
considerations, stability and vertical loads balancing, is presented in figure 3. 

 
Figure 3. In plan layout of the seismic isolators 

The seismic isolators were chosen (radius and friction coefficient) by iterative 
computation proposing a target period of isolated system and a maximum 
displacement, based on the following relationships [3]: 

   (1) 

where: 

- R is the curvature radius of the seismic isolators; 

- T the period of the isolated system;
 

   (2) 

where: 

- ξ is the equivalent damping of the isolated system; 

- µ isolator friction coefficient; 
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- D maximum displacement of the isolators; 

  (3) 

where: 

- keff effective stiffness of the isolators; 

- V is the total weight of the isolated structure; 

   (4)  

where: 

- Teff is the effective period of the isolated system; 

3. MODAL AND LINEAR STATIC ANALYSIS 

The analysis models were developed by using Etabs V9.7.2. software (fig. 4). The 
model contains 1500 shell elements both for walls and vaults, with a meshing step 
of 0.4m. The difficulties in the modelling process consisted of simulating the 
geometry of the church, with curved walls and vaults at different levels. 

 
Figure 4. Structural analysis of Aroneanu Church 
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Figure 5. Model calibration 

The calibration of the structural model was done by gradual correlation of the own 
weight loads with the three-dimensional survey of the structure (fig. 5). 

 
Figure 6. Maximum displacements from linear static analysis of Aroneanu Church with 

fixed base 
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The maximum displacement of the structure in the fixed base analysis have 
resulted at the upper level of the tower, with values of dx-max = 10.2mm in the 
longitudinal direction and dy-max = 34.1mm in the transversal direction (fig. 6). 

In the case of the isolated base analysis, the maximum displacements have been 
recorded at the base level, with values of dx-max = 193.5mm in the longitudinal 
direction and dy-max = 197.6mm in the transversal direction, lower than the 
allowable maximum displacement of the isolators (dmax=250mm) (fig. 7). 
 

 
Figure 7. Maximum displacements from linear static analysis of Aroneanu Church with 

isolated base 

2. CONCLUSIONS 

Analysing the results from both fixed and isolated base analysis has been observed 
that modal participation factors for first 2 vibration modes in the case of the 
isolated base structure is 99% on both directions, whilst in the fixed base case, for 
the first 4 vibration modes, the sum of the modal participation factors is 51% on 
longitudinal direction and 70% on transversal direction. 

The base shear force is reduced by 45% in the case of the base isolated structure. 
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The maximum displacements of the structure due to seismic action, modifies from 
10.2mm and 34.1mm at upper level of the tower (fixed base) to 193mm and 
197mm at the base level (isolated base). 

Table 1. Result from both fixed and isolated base structure analysis 

Comparison criteria Direction 
Structure 

Fixed base structure Isolated base 
structure 

Vibration mode / Period/ 
modal participation factors 

x 2 / 0.22s / 7% 
4 / 0.10s / 41% 2 / 2.78s / 99% 

y 1 / 0.26s / 14% 
3 / 0.16s / 52% 1 / 2.82s / 99% 

Sum of the modal 
participation factors (first 4 

vibration modes) 

x 51% 99% 

y 70% 99% 

Base shear force x 2221.64 kN 1165.39 kN 
y 2133.12 kN 1158.10 kN 

Relative displacements 
(base-tower) 

x 10.2 mm 0 mm 
y 34.1 mm 0 mm 

Base displacements x 0 mm 193.5 mm 
y 0 mm 197.6 mm 
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Summary 

This paper presents the seismic analysis of a structural model with fixed base and 
isolated with a multi-stage system made up of four layers of elastomeric bearings. 

The steel structure has an opening of 1.4 m, a span of 1 m and a height of 1.5 m. 
The seismic analysis of structure was performed in SAP2000 program. 

The aim of this paper is to study the behavior of the base isolated structure with a 
multi-stage system, in the case of some artificial accelerograms compatible with 
the elastic response spectrum for the horizontal components of ground 
acceleration, in areas characterized by the corner period Tc=0.7s, as 
recommended by the P100-2013 design norm. 

The artificial accelerograms were generated using the ANCO SPECTIME 
program. The accelerograms are characterized by a peak ground acceleration of 
0.3g, a duration of 45 seconds, 2250 steps at equal time intervals of 0.02 seconds. 

Following the numerical analyses of the structural model, it was noticed that the 
effect of seismic actions was reduced for each accelerogram and the multi-stage 
isolation system can take over large displacements safely. 

KEYWORDS: time-history analysis, artificial accelerogram, seismic base 
isolation, multi-stage system, elastomeric bearing with holes. 

1. INTRODUCTION 

In literature, many experimental tests regarding multilayer elastomeric bearings are 
presented (Barbat, et al., 1997), (Connor, 2002). These bearings have high vertical 
stiffness, a large deformation capacity and are stable. The main characteristic of the 
multilayer elastomeric bearings consists in obtaining a high isolation period 
compared to conventional bearings. 

The multi-stage system design is more flexible compared to conventional bearings 
due to the possibility of choosing the bearing dimensions and the number of layers 
of the isolation system in order to take over the vertical force and to obtain the 
necessary horizontal frequency. The design displacement is equal to the product 
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between the displacement of an elastomeric bearing and the number of layers 
(JNES-RC-2013-1002, 2014), (Murota, et al., 2005). 

The aim of this paper is to determine the dynamic characteristics of a base isolated 
structure with a system consisting of four layers of elastomeric bearings, at 
different seismic actions corresponding to three artificial accelerograms compatible 
with the elastic response spectrum for the horizontal components of ground 
acceleration, in areas characterized by the corner period Tc= 0.7 s, according to 
P100-2013. 

2. EXPERIMENTAL MODEL 

The experimental model has an opening of 1.4 m, a span of 1 m and a height of 1.5 
m. The columns and the beams of the structure are made of INP 80 steel profiles. 
The steel type is S235JR. The structure is recessed at the base.  

The base isolated structure will be unidirectional tested in the opening direction, on 
the shaking table of the Faculty of Civil Engineering and Building Services of Iasi, 
fig. 1. 

 
Figure 1. The base isolated structure on the shaking table 
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The additional mass consists of concrete slabs with dimensions of 1500x700x100 
mm, each of them having a weight of 360 kg.  

The multi-stage isolation system consists of a metal frame made of HEB 180 steel 
profiles, with a length of 150 cm respectively 121.5 cm in the other direction, fig. 
2. 

 
Figure 2. Multi-stage isolation system with elastomeric bearings  

The seismic analysis of the structure was performed for the multi-stage system with 
elastomeric bearings with nine holes with a diameter of 20 mm. The bearing 
dimensions are shown in fig. 3.  

 
Figure 3. Elastomeric bearings with nine holes 
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3. TIME-HISTORY ANALYSIS 

Time-history analysis is to determine the accelerations and displacements recorded 
at the isolation system level and at the top of the structure and to evaluate the shear 
force recorded in the structural elements. 

Time-history analysis helps to check and eventually to optimize the chosen 
bearings after the design process. Time-history for a seismic isolated structure can 
be achieved in any program that has implemented this type of analysis. 

The artificial accelerograms were generated using the ANCO SPECTIME program. 
In the program, the target response spectrum, the fraction of critical damping ξ= 5 
%, the duration and the time step that define the accelerogram were introduced. 

The imposed elastic response spectrum (red color) and the resulted response 
spectrum (green color) can be seen in fig. 4 

 
Figure 4. The imposed and resulted response spectrum 

According to design standards, a minimum number of three accelerograms were 
imposed, figs. 5, 6, 7. The accelerograms are characterized by a peak ground 
acceleration of 0.3g, a duration of 45 seconds, 2250 steps at equal time intervals of 
0.02 seconds. 

The elastic response spectrum for the critical damping fraction of 0.05 was 
generated using the PRISM program. 

Modal and time-history analyses of the structure were performed in SAP2000 
program. 

For the modal analysis, three concrete slabs on the top floor of the fixed base 
structure were considered. A fundamental vibration period of 0.2 seconds was 
obtained for the fixed base structure. 

In the case of seismic isolation, an additional mass (four concrete slabs) was 
introduced at the base of the structure using beams of UNP 260 steel profiles. 
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Figure 5. Artificial accelerogram 1 and the response spectrum 

 
Figure 6. Artificial accelerogram 2 and the response spectrum 
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Figure 7. Artificial accelerogram 3 and the response spectrum 

A multi-stage system was used for the seismic isolation of steel structure in order 
to obtain a high vibration period of the isolation system. The elastomeric bearings 
properties were defined with a Rubber Isolator link provided in SAP2000 program. 

A fundamental vibration period of 2 seconds was obtained for the base isolated 
structure with multi-stage system made up four layers of elastomeric bearings with 
nine holes. The first three vibration modes of the base isolated structure are shown 
in fig. 8. 

  
Figure 8. Vibration modes of the base isolated structure 
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The displacements and accelerations recorded at the top floor of the structure with 
fixed and isolated base, obtained for the artificial accelerogram 3, are presented in 
figs. 9 – 12. 

 
Figure 9. Displacements recorded at the top floor of the fixed base structure 

 
Figure 10. Displacements recorded at the top floor of the base isolated structure 

 
Figure 11. Accelerations recorded at the top floor of the fixed base structure 

 
Figure 12. Accelerations recorded at the top floor of the base isolated structure 
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4. CONCLUSIONS 

The paper presents the determination of dynamic characteristics of a base isolated 
structure with multi-stage system, at different seismic actions. 

The multi-stage isolation system was used in order to prevent the stability loss of 
elastomeric bearings at large displacements and to make the system more flexible. 

Three artificial accelerograms compatible with the elastic response spectrum for 
the horizontal components of ground acceleration, in areas characterized by the 
corner period Tc= 0.7 s, were generated. 

Following the numerical analyses of the structural model, the accelerations 
recorded at the top of the fixed and isolated base structure were compared. In the 
seismic isolation case, the values of accelerations resulted by 2.5 times lower for 
accelerograms 1, 3 and 3 times lower for accelerograms 3. 

The displacement and acceleration values at each level of the seismic isolated 
structure resulted approximately equal, the structure having a rigid body 
displacement. 

In the case of base isolated structure with multi-stage system with four layers of 
bearings, a vibration period of ten times higher was obtained compared to the fixed 
base structure. 

Considering the obtained results, the multi-stage isolation system can take over 
large displacements safely and is stable compared with the classical system.  
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Summary 

Present study investigates the parametric response of dual steel frames that consist 
of steel plate shear walls and moment resisting frames.  

The parametric study was carried out using numerical models which were 
validated against experimental tests. Sap2000 was used to replicate the test results 
in order to validate the numerical models. The numerical model was applied to 
conduct incremental dynamic analyses on a 6 story SPSW frame in order to 
determine its seismic response. In the analysis two types of soil conditions and 
seven different ground motion records were taken into account. The main objective 
was to estimate the behaviour factor q, which is used in seismic design of such 
structures. Summary of investigations and main results will be presented  

KEYWORDS: dual frames, dissipative panels, nonlinear dynamic analysis, q 
factor. 

1. INTRODUCTION 

The structural system using steel plate shear walls (SPSW) for lateral resistance 
had a major development worldwide with the introduction of design rules in North 
American and Japanese codes. The lack of design provisions in European seismic 
code EN 1998-1 [1] made difficult the application of the system. In the absence of 
such design provisions, other design codes (e.g. AISC 2010 [2]) could be used as 
reference, but this is not very straightforward. 

The economic cost and construction efficiency of the system represent two 
advantages of such structural systems. The detailing of the infill panel to bordering 
elements can be done using fillet welds or bolted connections. When bolted 
connections are used, the construction time may be reduced and there is a 
possibility of plate replacement after an earthquake. This represents a recent 
development in the field, where dissipative elements may be designed and detailed 
to be replaced after an earthquake [3]. This requires special design and detailing 
conditions and may reduce the cost of intervention for low to moderate 
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earthquakes. In most cases, replacement is conditioned by the re-centering capacity 
of the dual system. 

In order to address the issues presented above with regard to the performances of 
SPSW systems, a research program, including experimental and numerical studies, 
was developed at Politehnica University Timisoara, Laboratory of Steel Structures. 
The experimental study was performed on dual SPSW systems in order to quantify 
the behavior factor q and to evaluate the re-centering capacity of the system. The 
numerical studies were performed on dual SPSW structures designed according to 
Eurocodes. Where necessary, AISC 2010 [2] provisions were employed, also.  

The study reported in this paper investigated the performance of a six story SPSW 
dual structure. The dual structural system used is composed of a moment resisting 
frame (MRF), two infill panels which are connected to the boundary elements with 
bolts, and two additional stanchions that are placed as interior vertical boundary 
elements (Figure 1). This system allows the concentration of damage mainly in the 
plates. If the flexible MR frames are designed to remain elastic during the 
earthquake, they provide the restoring force that is necessary to re-center the 
structure and to allow the replacement of the damaged infill plates. 

 

                 

Infill plates 

Link beam 

Stanchions = + 

 
Figure 1. Dual SPSW with MRF, infill plates and stanchions 

Non-linear dynamic analyses were employed taking into account two sets of 
ground motions scaled for two types of spectra corresponding to soft and stiff soil 
conditions given in EN1998-1 [1]. The numerical models were calibrated and 
validated against experimental data [3].  

2. PARAMETRIC STUDY 

2.1. Design of structures 

Design of the structure was done according to Eurocodes ([1], [5], [6]) and AISC 
[2].  According to EN1998 [1], the building site is characterized by a peak ground 
acceleration of 0.4 g, with a corner period TC of 0.8 s (Type 1 response spectra and 
ground type D). A behavior factor of 5 was used for preliminary design of 
structure. The structure has the configuration presented in Figure 2.a. According to 
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AISC Seismic Provisions [2], SPSW is first approximated by a vertical truss with 
equivalent tension braces (Figure 2.b). The cross sections of the equivalent braces 
need to be designed to meet the lateral drift requirements. 

  

 
8.4m 4.8m 4.8m 

6x3.5m 

     

 

 8.4m 4.8m 4.8m 

6x3.5m 

        

  

 
8.4m 4.8m 4.8m 

6x3.5m 

     

 

 8.4m 4.8m 4.8m 

6x3.5m 

   
(a)          (b) 

Figure 2. a) SPSW structure; b) equivalent structure with tension diagonals 

According to the capacity design principles from AISC [2], the horizontal and 
vertical boundary elements (HBE and VBE) are designed to resist the maximum 
forces developed under the tension field action of the fully yielded panels. Axial 
forces, shear forces, and bending moments develop in the SPSW boundary 
elements because of the overall overturning, shear, and tension field action in the 
panels. VBEs and HBEs should remain essentially elastic under the forces 
generated by fully yielded plates, but flexural hinges are allowed at the ends of 
HBEs. To prevent excessive deformation, leading to premature buckling under the 
pulling action of the plates, the minimum moment of inertia of the columns was 
calculated. After the equivalent structure with the vertical truss was designed and 
configured, the braces were replaced by steel panels. For an assumed angle of 
inclination α of the tension field (taken as 45°) and using the area of the equivalent 
braces, the thickness of the plates was calculated (see [3]).  

The geometry and section of frame members are shown in Figure 3. The exterior 
bays measure 6 m, the interior bay measure 8 m and has two braced spans of 2.8 m 
long. The story height is 3.5 m. The beams, stanchions and columns were designed 
using S355 steel, which has a nominal yield strength fy of 355 N/mm2. The plates 
were designed using S235 steel, which has a nominal yield strength fy of 235 
N/mm2. European IPE and HEB hot rolled profiles were used for beams, columns 
and stanchions (see Figure 3). 
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Figure 3. Six story building frame 

2.2. Analysis procedure 

A non-linear incremental dynamic analysis (IDA) was employed in order to 
estimate the seismic response of the SPSW system. Two type of soils were taken 
into account, i.e. soft soil (type D) and stiff soil (type A) (Figure 4), and seven 
different ground motion records for each type of soil.  

Each ground motion record was scaled to the linear-elastic 5%-damped spectral 
acceleration between 0,2T1 and T1 (where T1 is the fundamental period of the 
structure) to match the target spectrum (Type A and D spectra, see Figure 5). Note 
that the first three periods of the structure are T1=0.61 sec, T2=0.18 sec and 
T3=0.08 sec. In the incremental dynamic analysis, the ground motion records were 
scaled to several intensities (using factor λ) until the attainment of numerical non-
convergence (dynamic instability, DI) or other limiting criteria are attained (e.g. 
exhaustion of plastic deformation capacity in elements). Three performance levels 
were considered, i.e. serviceability limit state (SLS), where the intensity of ground 
motion is scaled by λ =0.5, ultimate limit state (ULS) with intensity factor λ=1.0 
and collapse prevention limit state (CPLS) with intensity factor of λ=1.0.  
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Figure 4. Type 1 elastic spectrum according to EN1998 [1] 

    
                                       (a)                            (b) 

Figure 5. Scaled records: a) type A elastic spectrum; b) type D elastic spectrum 

2.3. Validation of numerical model  

The Finite Element Model used for the IDA analysis is detailed in [3] and [8]. The 
numerical model was validated against experimental test results. The test 
specimens were isolated from the second and third story of a 6 story dual SPSW 
frame structure with the configuration presented in Figure 1. Because of laboratory 
restrictions, the specimens were downscaled. The experimental frame was 3500 
mm height and 4200 mm wide (distances measured between elements centerlines, 
Figure 6.a). Slender steel panels, with plate thickness of 2 mm, ratio L/tw 
amounting 595 and aspect ratio L/h of 0.8, were used. Typical connections used for 
the experimental specimens are presented in Figure 6.  Extended end plate bolted 
connections were used to join beams and columns. The joint was considered rigid 
and partial strength (Mj,Rd=0.9Mb,Rd) (according to EN1993-1-8 classification [6]) 
(Figure 6.b). For the connection of the plates to the boundary elements, 8.8 class 
preloaded bolts and 6 mm fish plates were used. Additional fishplates of 4 mm 

Tc=0.4s 
ag=0.54g 
S=1.0 
 

Tc=0.8s 
ag=0.4g 
S=1.35 
 

Ground motions Ground motions 

T1 
T1 
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D 
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were added in order to strengthen the plate and reduce the number of bolts (Figure 
6.c).  

    

 

Finplate 120x6

Strengthening
plate

Infill plate

Bolts 8.8 grade, M20

HE240B

 
                               (a)                     (b)   (c) 

Figure 6. a) Experimental specimen; b) beam-to-column joint; c) plate to boundary 
elements connection 

The specimen was subjected to increasing cyclic loading until failure, according to 
ECCS loading protocol [Figure 7.b] [9]. Two actuators with 360 mm stroke and 
1000 kN and 500 kN capacity, respectively, were used, one at each story [Figure 
7.b]. To note that a monotonic test is first required for evaluating the yielding 
displacement that is used as loading parameter in the cyclic test. 

  
(a)                 (b) 

Figure 7. a) Loading protocol; b) Test set-up 

Figure 8 shows the monotonic (a) and cyclic (b) response of the specimen in terms 
of base shear force versus top displacement. Due to the high plate slenderness (2 
mm thickness), the shear buckling occurred at relatively low levels of drifts, at 
approximately 0.4%. After buckling, the lateral load was carried through the 
tension field developed in the panel. The infill plates yielded first at 0.9% inter-
storey drift (Figure 8, point a). The specimen could withstand drifts of almost 6% 
before the drop in strength (point b).  
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The numerical models have been validated against the monotonic and cyclic tests. 
The numerical model for monotonic analysis predicted with good accuracy the 
entire behaviour of the system, including the softening branch, see Figure 8.a. The 
small differences can be attributed to imperfections in testing set-up and 
contribution of beam to column connections (gusset plate effect). Using pivot 
hysteretic type hinges for strips, it was possible to predict the overall cyclic 
behaviour also, including the degradation of the plates and pinching effect, Figure 
8.b. 
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Figure 8. Numeric vs experimental results 

2.4. Results 

One of the main parameters associated with the global performance of the SPSW 
systems is the behaviour factor q. The behaviour factor q can be expressed as a 
product of the ductility reduction factor, qμ, and the over-strength factor, qs. The 
over-strength may vary significantly and is affected by the contribution of gravity 
loads, material over-strength, structural redundancy, etc. The ductility component 
qμ is defined as the ratio between the acceleration multiplier leading to collapse, λu, 
and the acceleration multiplier leading to first yielding, λ1. The ductility factor is 
more important when the dissipation capacity is of concern, and will be further 
investigated.  

Figure 9 to Figure 12 show the development of plastic hinges and the inter-story 
drift ratios for the 6 story structure. In this paper is presented only the plastic 
mechanisms for the 2nd and 4th ground motions (see Figure 5), while the 
corresponding inter-story drifts are shown in comparison for the two types of soil 
conditions.  

In case of 2nd ground motion, at ultimate limit state the plastic hinges are mainly 
developed in plates, with very small damage in moment resisting frame for soft soil 
conditions. This indicates that the frames remained in elastic domain and poses the 
restoring force that is required to re-center the structure and to replace the damaged 

a 

b 
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panels. At collapse prevention limit state, the damage is initiated in the frame also 
for both type of soils, and is larger for soft soil conditions (see Figure 9). 

   
(a) 

          
(b) 

Figure 9. Plastic mechanism for 2nd ground motion: a) stiff soil; b) soft soil 
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Figure 10. Inter-story drift ratio for the two types of soils 

In case of 4th ground motion, for stiff soil conditions the damage is concentrated 
mainly in plates, frame does not present any damage until CPLS, indicating that the 
structure has re-centering capacity (Figure 11.a). 
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(a) 

                
(b) 

Figure 11. Plastic mechanism for 4th ground motion: a) stiff soil; b) soft soil 

In case of soft soil conditions, plastic hinges are developed at ULS in plates and 
frame elements (beam and columns), which show that the frame does not have 
enough re-centering capacity. (Figure 11.b).  
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Figure 12. Inter-story drift ratio for the two types of spectra 

For soft soil condition, the structure exhibits larger drifts compared to stiff soil 
conditions (see Figure 10 and Figure 12). One can observe an amplification of 
effects in case of soft soil conditions (Type D spectrum), and concentration of 
damages in the lower half of the structure (Figure 10 and Figure 12). 

Table 1 present the plastic rotations in hinges developed in beams (B) and columns 
(C) at the three limit states for the seven ground motion. 
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Table 1. Plastic hinges values for the 7 ground motions scaled to type A spectrum 
Soil Level 

 
1st 

B         C  
2nd 

B         C 
3rd 

B         C 
4th 

B         C 
5 th 

B         C 
6 th 

B         C 
7 th 

B         C 

A 
SLS - - - - - - - - - - - - - - 
ULS - - - - - - - - - - - - - - 
CPLS - 0.002 0.002 0.001 0.001 - 0.003 0.001 0.001 - 0.001 - 0.001 0.001 

D 
SLS - - - - - - - - - - - - - - 
ULS - - 0.004 0.002 - - - 0.016 - - - - - 0.005 

CPLS - - DI DI 0.003 0.002 DI DI 0.004 0.003 - - DI DI 

Note: B – beams; C- column; DI – dynamic instability;  
 

Figure 13 shows the incremental dynamic analysis curves in terms of inter-story 
drift ratios and acceleration multipliers for the structure for the two types of soil 
conditions considered in this study.  In case of ground motions scaled to type D 
spectrum, the structure attains the collapse criteria before reaching collapse 
prevention limit state for 3 ground motions (2nd, 4th and 7th). In case of ground 
motions scaled to type A spectrum, the structures attain the collapse criteria well 
after collapse prevention limit state.  
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Figure 13. IDA curves for ground motions scaled to type A and D spectra 

Table 2 shows the individual values for each ground motion and the average value 
of the ductility component, qμ, per type of spectrum. For stiff soil conditions (type 
A spectrum), the average value of the ductility factor is 4.0, while for soft soil 
conditions (type D spectrum), qμ amounts 3.6. The type of ground motion 
influences the yielding and the ultimate value of the acceleration but the effect on 
qμ factor is not very significant.  

Table 2. qμ values 
Soil. Parameter 1st 2nd 3rd 4th 5th 6th 7th Average 

A 
λ1 0.7 0.6 0.8 0.7 0.7 0.8 0.6 0.7 
λu 2.7 2.3 3.0 2.8 3.0 3.0 2.7 2.8 
q 3.9 3.8 3.8 4.0 4.3 3.8 4.5 4.0 

D 
λ1 0.8 0.4 0.6 0.3 0.6 1.2 0.4 0.6 
λu 3.1 1.5 2.2 1.0 2.0 4.6 1.3 2.2 
q 3.9 3.8 3.7 3.3 3.3 3.8 3.3 3.6 
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To note that, if the average values of the ductility factor are multiplied with the 
over-strength factor qs=1.2 used in design, the resulting value of behaviour factor q 
is around 5, which indicates that the SPSW system has a good ductility and may be 
designed considering the high dissipation concept. 

3. CONCLUSIONS 

An extensive numerical simulation program using incremental nonlinear dynamic 
analysis was employed on 6 story dual SPSW structure with link beams and rigid 
beam-to-column connection, in order to evaluate the behaviour factor q. A set of 
seven ground motions and two types of soil (i.e. stiff and soft soil) were taken into 
account.  

The results of the numerical analyses showed that the type of ground motion 
affects the response of SPSW structures. The damage in structure is more severe in 
case of soft soil conditions. 

The values of q factor obtained in the numerical study are closed to those reported 
experimentally (see [3]) and confirm that SPSW structures can be classified as 
highly dissipative structures. 

However, further studies are required for a complete validation of behaviour factor 
q.  
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Summary 
Taking into consideration the devastating effect of earthquakes on human lives, the 
problem regarding the anti-seismic protection of buildings has become a very 
important and of interest subject in Civil Engineering. In this paper a series of 
innovative energy dissipation devices is presented. These devices are yielding 
metallic dampers and friction dampers, proposed by the author to be used for the 
anti-seismic protection of steel frame buildings with Slimdek composite floors or 
with flat slabs. The devices are called “energy dissipative columns” or EDC. The 
EDC absorbs the seismic energy through the plastic deformation of steel 
dissipative elements. The numerical analyses and the experimental tests carried on 
the shaking table outline their advantages and increased protection against big 
earthquakes. 

 

KEYWORDS: yielding metallic dampers; friction dampers; composite floor; anti-
seismic design. 

 

1. INTRODUCTION 

Earthquakes are among the most destructive phenomena on earth. The great 
destruction potential is due to the energy released by the earthquake, energy which 
can be thousands or tens of thousands larger than the energy released by an atomic 
bomb. Annually human lives and material assets are lost, activities and services for 
maintaining social relations are disturbed due to these phenomena. Thereby, 
seismic protection is a very important aspect in structural design and is a subject 
studied worldwide. 

Seismic design of structures provides certain performance criteria relating to the 
capacity of buildings to dissipate the seismic energy in a steady state and for as 
many motion cycles as possible. The current design theory is based on the 
acceptance of plastic zones occurrence in structural elements, but the design should 
be oriented so as to avoid structural collapse. Plastic zones, which in the case of 
bars become plastic hinges, have the ability to dissipate energy through various 
phenomena, such as friction and plastic deformation of steel. Plastic hinges are 
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designed to develop only in the main beams, avoiding their occurrence in columns 
which obviously would facilitate the creation of collapse mechanisms within the 
structure. 

In recent years many methods for energy dissipation appeared by placing special 
devices within the structure. These devices can be designed to take over the motion 
given by the wind and also the seismic action. Their use eliminates the need for 
repair and strengthening of structures damaged after a major earthquake. Due to 
their beneficial effects of energy dissipation these devices quickly spread 
worldwide, becoming an essential solution for seismic protection of structures. 

There are types of buildings whose structure eliminates the occurrence of plastic 
hinges in beams. Frame structures with Slimdek composite floors or with flat slabs 
are such cases. The special design of Slimdek floors is described in chapter 2. 
Since these floors increase the risk of developing plastic hinges in columns, the 
necessity for energy dissipation devices appears. 

2. SLIMDEK COMPOSITE FLOORS 

Composite floors are widely used for offices, leisure and recreation, airport 
terminals, hotels, schools, residential, retail, renovation and hospitals mainly for 
their advantages. 

In recent years, a new type of composite floor has been introduced by Tata Steel 
(the former Corus Ltd). It is called Slimdek and it comprises the following 
components: Asymmetric Section Beams (ASB) [1] and SD Decking. For example, 
the 225 mm deep and 1.25 mm thick galvanised cold rolled steel deck profile is 
capable of spanning up to 6.5 m un-propped and up to 9 m propped [2, 3]. The 
decking rests on the bottom flange of the beam [4] as shown in Figure 1. 

Slimdek has several features that offer significant advantages: 
▪ service integration. A continuous horizontal service duct 160 mm deep and 

320 mm wide can be accommodated within the depth of the slab; 
▪ composite action without shear stud connectors; 
▪ savings in fabrication costs; 
▪ fire resistance. Slimdek can eliminate the need for passive fire protection; 
▪ thermal capacity. The profile of the deck and thermal capacity of Slimdek 

provide simple options for natural ventilation, night time cooling and air 
circulation within the ribs of the profile [2, 5]. 
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Fig. 1. Slimdek composite flooring system. [5] 

The problem when adopting this system in seismic areas is that plastic hinges 
cannot develop in the beams of the Slimdek composite floor, making this system 
similar to flat slabs. The seismic energy must be absorbed by using damping 
devices. The author proposes a new type of damper called “energy dissipative 
column”. 

3. ENERGY DISSIPATIVE COLUMNS 

The main purpose of installing energy dissipation devices in structures is to control 
the structural seismic response in order to increase the safety and to reduce 
structural damage. The effectiveness of damping devices in improving the seismic 
performance of a structure is a function of several variables including their number, 
their location in the structure and their physical parameters. This is clearly outlined 
in the equation of motion of an N degree of freedom structure with supplemental 
energy dissipation devices subjected to ground excitations at its base during an 
interval of time t between 0 and tf. This equation is written as Equation 1: 

   (1) 

where: 
M is the N×N mass; 
Ks – structural stiffness; 
Cs – inherent structural damping matrices; 
f(t) – a k dimensional vector representing the seismic excitation; 
E – a N×k matrix of ground motion influence coefficients; 
u(t) – the N dimensional relative displacement vector with respect to the base; 
Pk(t) – the local force due to a passive damper installed at the kth location. This 
force is considered through the N dimensional influence vector rk, with nk being 
the number of identical dampers and nl the number of possible locations for a 
device in the structure [6]. 
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The concept of “energy dissipative column” is new in Civil Engineering, where 
columns are designed to be acted in the elastic domain and the energy dissipation 
occurs in secondary elements especially designed for this purpose. One 
disadvantage of most seismic dampers is that they are visible inside the structure. 
Energy dissipative columns solve this problem by absorbing the seismic energy 
within the column itself, through different mechanisms: either by plastic 
deformation of steel (metallic yielding) or by dry friction. 

These devices are presented in the following sub-chapters. 

3.1. Yielding metallic energy dissipative columns 
The first yielding steel energy dissipative column, proposed by the author is the 
unidirectional energy dissipative column or UDC. It consists of two euro profiles 
placed at a certain distance from each other. The connection between the two 
profiles is achieved by means of specially shaped metallic plates. These plates are 
designed to dissipate the seismic energy through inelastic deformations. The shape 
follows an optimized curve in order to ensure a good distribution of plastic 
deformations in the entire element. The curved shape is close to a linear curve, 
which is why some models were created using plates with linear variation section 
in order to simplify the model and to simplify the manufacturing process of these 
plates. Several models were created. The models differ by the number and the 
distribution method of the dissipative plate pairs on the height of the column, as 
shown in Figure 2. 

The performed analyses show that these columns are a good solution for seismic 
energy dissipation. However, there are some disadvantages, such as: 

▪ the system requires a large amount of material, 
▪ certain construction difficulties may arise, 
▪ these columns do not have equal stiffness on all directions, 
▪ the energy dissipation occurs on one direction. 

In order to improve the energy dissipation capacity of these columns, some 
optimization methods were taken into consideration, such as: increase the 
dissipative plate number and increase the dissipative plate rigidity [7]. 

Another energy dissipative column is the multidirectional energy dissipative 
column, or MDC. MDC, are an improved version of the UDC models. The 
improvement consists in the use of profiles having the same inertia on all 
directions. Such sections are the circular hollow sections. Energy dissipation is 
achieved at the ends of the column, where a weakened cross-section is adopted [8]. 
The weakening of the cross-section was achieved by drilling holes of different 
shapes and sizes as shown in Figure 3. 
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Fig. 2. Unidirectional energy dissipative columns. 

   
a) 

   
b) 

Fig. 3. MDC models: a) geometry, b) von-Mises equivalent stresses maps [8]. 
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The MDC columns solve the problem of unidirectional energy dissipation of the 
UDC columns, although, due to the weakened sections at the ends of the columns, 
the MDC cannot overtake gravitational loads. In this case, multidirectional energy 
dissipative columns with the overtaking of gravitational loads or MDOG have been 
created. They are provided with special elements at the ends, elements designed to 
overtake the axial loads and which create the double hinged supports of the column 
as shown in Fig. 4. The aim is to focus the plastic hinges at the ends of the column, 
while the central element of the column remains intact [8]. 

    
a) 

     
b) 

Fig. 4. SDMG models: a) geometry, b) von-Mises equivalent stresses maps [8]. 

3.2. Dry friction energy dissipative columns 
Dry friction energy dissipative columns, or SDF, have a compound section 
consisting of two euro profiles jointed together with bolts, as shown in Fig. 5. The 
seismic energy dissipation is realized through the dry friction phenomenon at the 
interface between the two profiles. The normal force to the slip surface is provided 
by the pre-stressed bolts. 
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Fig. 5. Dry friction energy dissipative column. 

Several analyses were carried out, first taking into consideration the thicknesses of 
the steel plates that come into contact (the flanges of the euro profiles) and second 
the finishing of the contact surfaces. This was accomplished by using different 
values for the friction coefficient, μ, between 0.15 and 0.45 according to SR ENV 
1090-1/2003 [9]. 

An important aspect of the analysis is the influence area created by the pre-stressed 
bolts, which differs from one model to another due to changes of the plate 
thickness. The maximum normal stresses increase by up to 67% if the thickness of 
one plate is halved. In the case of small thicknesses, the influence area is small, but 
the stresses are high, and in the case of large thicknesses, the influence area is 
large, but the stresses are much smaller. This makes the dissipated energies to be 
close in value [10]. 

3. CONCLUSIONS 

Among the yielding metallic energy dissipative columns the SDMG column is the 
best type. These columns have the best energy dissipation capacity, they can absorb 
the seismic energy on all directions and have the capacity to overtake the 
gravitational loads when the dissipating elements lose their structural integrity after 
a major earthquake. Also, the central element is acted by elastic deformations and 
the overall stability is satisfied. 

In the case of dry friction energy dissipative columns the thickness of the contact 
elements has no influence on the energy dissipation. However, the stresses that 
appear at the interface of the contacting plates have large variations depending on 
the values of the plate thicknesses. If the thickness is small the stresses are large, 
reaching values in the plastic domain. 
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In conclusion, the energy dissipative columns are a good solution for the anti-
seismic protection of structures with Slimdek composite floors or with flat slabs. 
The advantages of these devices are: high seismic energy dissipation capacity, 
capacity of overtaking the gravitational loads when the dissipative elements have 
lost their structural integrity, the damaged dissipative elements can be replaced 
after a major earthquake and these devices have the capacity of restricting level 
displacements. 
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Summary 

Nowadays the seismic design is based on the results of elastic analysis of 
structures (indeed of the growth of the non-linear based procedures). In order to 
perform the analysis of structures which are modeled with elastic behavior, 
although the engineer knows that they could reach plastic behavior, seismic design 
codes prescribe the reduction of elastic design spectra using response reduction 
factors. These factors have been formulated based on engineering judgement. In 
this article it is proposed a new methodology in order to determine these response 
reduction factors by means of the results of the non-linear response of soils 
representative of the profiles of the Venezuelan seismic code simultaneously with 
reinforced concrete structures modeled as multi-degree of freedom systems. 
Computed values are greater than those the seismic code prescribes, then the 
design of buildings is controlled by displacements rather strength.  

 

KEYWORDS: Design spectrum, response reduction factor, non-linear analysis, 
ductility, redundancy, overstrength.  

 

1. INTRODUCTION 

The procedure performed to obtain the design equivalent forces is based on the 
response spectra, which represent the geotechnical characteristics of the buildings’ 
locations. Those spectra are reduced in order to take into consideration the inelastic 
behavior the structures may reach when are subjected to the action of a strong 
ground motion. The reduction is obtained using response reduction factors (R), 
named behavior factors (q) according the Eurocode-8 [1], which were proposed by 
Veletsos and Newmark [2] in the format that they are applied in most of the 
worldwide seismic codes.  

In the past two decades a large number of works dealing with the study of the 
response reduction factors were presented [3], some of them were focused into 
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determinate the components of R . In sake of the brevity, in this work only the 
ATC-19 [4] approach is referenced among other relevant works: 

   RS RRRR    (1) 

Where SR  is the strength-based reduction component, R  is the ductility-based 

component and RR  is the redundancy-based reduction component. The first two 
components are time-dependent, while the values of are used to assume a fix value, 
depending on the structural type. It is important to mention that obtaining values of 
is a difficult task, so they are usually associated with the strength-based 
component, in a single factor called overstrength-based component, defined 
according to: 

 RS RRR   (2) 

2. METHODOLOGY 

The new procedure to obtain the response reduction factors is performed in two 
steps. The first one consists into determine the ductility-based component by means 
of the procedure formulated by [5, 6, 7], see Equation 3: 
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In this equation T  is the period (in sec.), gT  is the characteristic soil period,   is 
the design assumed ductility and  is a coefficient which depends on ductility and 
the dynamic non-linear response of the soil. Values of and can be seen in Table 1 
and Table 2, respectively. 

Table 1. Values of the characteristic period gT  

Soil type μ=2 μ=4 μ=6 
S1 0,12 0,19 0,25 
S2 0,22 0,29 0,38 
S3 0,34 0,47 0,74 
S4 0,60 0,71 0,82 
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Table 2. Values of the coefficient   
Soil type μ=2 μ=4 μ=6 
S1 1,16 1,29 2,02 
S2 1,24 1,35 1,50 
S3 1,26 1,27 1,38 
S4 1,28 1,27 1,38 

Those values are used in Equation 3 for the determination of R  for the soil where 
the building is located. Note in Tables 1 and 2 that the soil profiles correspond to 
the spectral shapes the Venezuelan seismic code [8] prescribe. Results are shown in 
Figures 1 to 4 for those soil profiles. 
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Figure 1. Ductility reduction component for soil S1 
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Figure 2. Ductility reduction component for soil S2 
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Figure 3. Ductility reduction component for soil S3 
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Figure 4. Ductility reduction component for soil S4 

The next step consists in to obtain a reliable value for the overstrength component 
defined according to Equation (2). This goal is matched using the results proposed 
in , which were computed from non-linear analysis of RC framed buildings with 
various numbers of spans and stories, designed for high ductility according current 
codes [9]. Figure 5 shown the resulting values of R  plotted vs. the level numbers 
of the buildings; note the convenience to calculate the mean value in order to apply 
a unique value for the case studies that are presented in next section. 
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Figure 4. Ductility reduction component for soil S4 

2. CASE STUDIED 

In order to know how suitably the proposed methodology is, a set of RC regular 
framed buildings have been designed following the standard procedures the current 
Venezuelan seismic prescribes and the new methodology. The set consist in four 
buildings with different number of stories: 3, 6, 9 and 12. Columns and beams have 
square and rectangular shapes, the floors are two-way 15cm thick solid slabs. 
Members have been detailing and dimensioning using 25 MPa concrete and 
420MPa reinforcement steel (longitudinal and transversal). 

Figures 5 and 6 showed the lateral view of the 3 stories building and a typical plan 
view of the buildings, respectively. Note that the spans are 6,00m long, equispaced 
in both directions. Seismic parameters specific for a high-level hazard site selected 
for the analysis are shown in Table 3. 

Analysis process requires an initial value for the structural fundamental period. The 
approximate formulae let to calculate this period using the building total height nh  
(in m) and an empirical coefficient tC  which depends on the main material that 
constitutes the structure:  
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Figure 5. Lateral view of the 3 stories building 

 

 
Figure 6. Typical plan view of the buildings 
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Table 3. Seismic parameters selected for the analysis 
Parameter value 
Seismic zone 3 
Design acceleration 0,3g 
Design level DL-3 
Response reduction factor 6 

 4
3

nthCT   (3) 

Values of the approximate fundamental period are used with the parameters 
contained in Tables 1 and 2 in order to determine the values of R  via Equation 
(3). Results are summarized in Table 4. 

Table 4. Values of the coefficient   
Number of levels T (sec) R 
3 0,36 7,12 
6 0,61 7,42 
9 0,83 7,42 
12 1,03 7,42 

Inelastic spectra are then obtained using those values jointly with the value 
corresponding to the standard procedure. Figure 7 shows the elastic and inelastic 
spectra computed according the guidance of the Venezuelan seismic code. 
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Figure 6. Elastic and inelastic design spectra 

Elastic analysis of the models is performed using the forces resulting for modal-
spectral analysis for the case of the buildings designed by the code’s prescribed 
procedure and the alternative procedure described above. Derived displacements of 
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the gravity centers in each floor computed from elastic analysis are then used to 
compute the inelastic displacements. Note that most of the seismic codes prescribe 
the amplification of the elastic displacements times R. In the case of the alternative 
procedure, those displacements are computed using amplification factors derived 
from energy-based relationships obtained from non-linear response of similar 
buildings [10, 11]. For buildings whose dynamic response is velocity-dependent, 
the displacement amplification factor is calculated trough: 

 
 






R
RR
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22


  (4) 

While for buildings whose dynamic response is displacement-dependent, 
displacement amplification factor must be calculated using: 

  RRC   (5) 

All the terms in Equation (4) and (5) are the same defined in past section. Inelastic 
displacements allowing calculating inter-story drifts, in order to check the 
dimensioning of the whole structure by comparing against a maximum inter-story 
drift that the code prescribes, 1,8% according to the Venezuelan seismic code. In 
Figure 7 are shown the inters-story drifts calculated vs. the height, for the three 
levels building, using standard procedure (Figure 7a) and alternative procedure 
(Figure 7b). 
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Figure 7. Inter-story drifts of the three levels building 

The reader may note that for each procedure five cases have been plotted. Those 
cases correspond to different building’s configurations in which the cross sections 
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of the columns have been modified in order to satisfy that their interstorey drifts 
are not greater than the maximum value of 1,8%. Selected configurations received 
a numeration that range from the most flexible (case 1) to the stiffer (case 5). It is 
evident the difference between the results obtained with the standard procedure and 
the alternative one, because in Figure 7a all the cases have interstorey drifts lesser 
than 1,8%, while from Figure 7b only the case 5 fulfill the adopted criterion.  
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Figure 8. Inter-story drifts of the six levels building 
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Figure 9. Inter-story drifts of the nine levels building 
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Figure 10. Inter-story drifts of the twelve levels building 

Results for 6, 9 and 12 stories buildings can be seen in Figures 8, 9 and 10, 
respectively. Those figures reveal that according to standard procedure every 
configuration can be considered for the next stage in the design process: the 
detailing of structural members. But the resulting longitudinal reinforcement ratio 
exceed the maximum value that the Venezuelan RC design code [12] prescribes for 
columns (6%) or have values too large which are technically impossible to place in 
cross sections. Only case 5 is able to satisfy both the maximum interstorey drift and 
reinforcement ratio. In contrast, the cases calculated using the alternative 
procedure, exhibit results which demonstrate that only the stiffer case (case 5) 
satisfy the maximum inter-story drift criteria, and also satisfy the reinforcement 
ratio requirement. 

According to obtained results, it can be concluded that standard procedure is 
strength-controlled, while alternative procedure is displacement-controlled, this last 
feature produce more realistic designs with a desirable performance when buildings 
are under the effect of strong ground-motions [13, 14, 15, 16]. By the other hand, it 
is evident that the design process will demand less computational effort if the 
alternative process is applied, because it reduce the number of iterations for 
determine the appropriate configuration. 
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3. CONCLUSIONS 

In this paper an alternative procedure has been presented. The procedure wants to 
present a rational approach in order to determine the response reduction factors for 
RC framed buildings in a compatible format with the factors used in the current 
version of the Venezuelan Seismic Code. 

The procedure can be extended to other structural typologies used for seismic 
design. 

The procedure is suitably and easy to apply in order to let seismic engineers to 
obtain inelastic response design spectra they need to perform the analysis and 
design of new buildings. The procedure includes determining inelastic 
displacements using equations derived from energetic-based methods, whose 
components are the same than the used for conduct the analysis. 

Dimensioning of buildings using the alternative procedure led to reach a 
configuration which not only satisfy the maximum inter-story drift that the 
Venezuelan seismic code prescribes (displacement-controlled design) but also 
satisfy the maximum reinforcement ratio for structural elements (strength-
controlled design). This feature led to reduce the computational effort, because it 
requires less iteration to find an adequate solution for the structural dimensioning. 
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Summary 
This paper presents the specifics of applying the First Order Shear Deformation 
Theory (FSDT) for determining the bending response parameters of sandwich 
plates. The classical lamination theory (CLT) is used to establish the stiffness 
matrices of the element, the significance and importance of the shear correction 
factor, and finally, different methods (analytical and numerical) for implementing 
the theory are presented. 

KEYWORDS: sandwich plates, first order shear deformation theory, bending 

1. INTRODUCTION 

Sandwich plates are frequently used because of their ability to provide high bending 
stiffness while being light weight. A sandwich panel can be assimilated with a I-
beam in which the faces act as the flanges who carry the normal stresses caused by 
bending moments and the core as the web supporting the shear stresses caused by 
transverse forces. However, typically the core is made of materials with reduced 
stiffness, which results in the appearance of shear effects that need to be accounted 
for. 

The first order shear deformation theory (FSDT), commonly referred to as the 
Mindlin-Reissner theory, is the most basic tool available to take into account such 
effects. The theory is based on the following displacement field: 

 ),(),,( yxzzyxu x  

 ),(),,( yxzzyxv y   (1) 

 ),(),,( 0 yxwzyxw   

where Φx and Φy denote rotations about the x and y axes, respectively. The rotations 
Φx and Φy are no longer explicit functions of the derivatives of the deflection w0, as 
for the classical plate theory. 

From the displacement field (1), the components of the linear strains are (fig. 1): 
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Figure 1. Undeformed and deformed geometries of an edge plate:  

a) undeformed; b) Kirchoff plate theory; c) Mindlin-Reissner plate theory 

The kinematics of FSDT assume a global transverse shear strain considered constant 
on the plate thickness. To compensate for this assumption, a shear correction factor 
is required, which appears as a coefficient in the expression for the transverse shear 
stress resultant. The accuracy with which this factor is computed is paramount for 
the validation of the results. 

2. ANALYSIS OF SANDWICH PLATES USING FSDT 

2.1. Laminate stiffness’s 
In order to establish the constitutive equations for sandwich plates and determine the 
necessary parameters to accurately estimate the bending behaviour of said plates, it 
is necessary to employ the Classical Lamination Theory (CLT) to determine the 
stiffness matrices (extensional stiffness matrix – [A], coupling matrix [B] and 
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bending stiffness matrix – [D]). For simplicity, this papers strictly refers to 
rectangular isotropic sandwich plates with equal face sheets, hence the [B] matrix 
will be null. According to [3], a sandwich plate is isotropic when the core is made of 
an isotropic (such as foam) or transversely isotropic (such as honeycomb) material 
and the top and bottom facesheets are made of identical isotropic materials or are 
identical quasi-isotropic laminates. 

There are two ways to approach the problem: 

1) If the core is made of a material with a much lower modulus of elasticity 
than that of the faces, then its influence on the overall stiffness of the 
plate can be completely neglected, and the method presented in 2.1.1 
can be used; 

2) If the core material and that of the faces both have comparable moduli 
of elasticity, then the method presented in 2.1.2 must be used. 

2.1.1. The stiffness matrices for the case when Ec << Ef 

First, the face stiffness’s are determined as follows [3]: 
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where, according to Figure 2: 

- d represents the distance from the centre of the plate to the mid-plane of 
the faces; 

- hf and hc are the thickness of the faces and of the core; 

- Ef  and νf are the Young modulus and Poisson ratio for the facesheets 
material. 

Next, the stiffness matrices for the whole panel can be determined [3]: 
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2.1.2. The stiffness matrices for the case when Ec is comparable to Ef 

In this situation, the components of the stiffness matrices can be determined as 
follows: 
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where (Qij)k
 are terms of the plane stress-reduced elastic coefficient matrices for 

the materials of the core and faces of the plate and can be determined like so: 
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with E, G and ν - the Young modulus, shear modulus and Poisson’s ratio of the 
materials of the core (c index) and faces (f index) of the sandwich panel. 

 
Figure 2. Distances required for determining the stiffness matrices 

2.2. The shear correction factor 
Since the transverse shear strains are represented as constant through the laminate 
thickness, consequently, the transverse shear stresses will also be constant. It is well 
known that the transverse shear stresses vary parabolically. The discrepancy between 
the actual stress state and the constant stress state predicted by FSDT is corrected by 
multiplying the transverse shear forces with a coefficient Ks, called shear correction 
factor. 

For elements with homogenous cross-sections, the value for the shear correction 
factor, accepted in the literature [6], is 5/6. However, for composite laminates, this 
value is no longer suitable. In [4, 8], the authors present a series of methods to 
determine this factor. 
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The most widely used method for computing the shear correction factor is the so 
called energy equivalence method. The strain energy due to transverse shear stresses 
predicted by FSDT is equalled with that from the three-dimensional elasticity theory. 

For example, for a symmetric sandwich beam, the shear correction factor can be 
determined like so: 
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In [4], Birmann and Bert concludes that this method is not reliable if the modular 
ratio for the materials of the faces and core is extremely high, in which case the 
values predicted for the shear correction factor are close to zero. This statement has 
also been proven in [9], where the authors studied the bending behaviour of a 
sandwich plate with the core made of extruded polystyrene and aluminium faces. 
Because of the low values of Ks, the plate deflections predicted by FSDT were 
several orders of magnitude greater than those of CLPT. 

Birmann and Bert suggests that for the design of sandwich plates, the shear 
correction value should be taken equal to unity. 

2.3. Bending analysis of sandwich plates using FSDT 

2.3.1. The governing differential equations 

The governing differential equations for a laminated composite plate subjected to a 
transverse load (Figure 3) are [7]: 
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Figure 3. Geometry and loading of a sandwich plate: a) general polygonal shape; b) plate 

cross section 

The inclusion of transverse shear deformation effects results in three coupled partial 
differential equations with three unknowns, Φx, Φy and w, as opposed to having one 
partial differential equation with one unknown, w, in classical plate theory. 

The plate constitutive equations for the classical or first-order shear deformation 
theories are: 
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where the laminate stiffness’s Dij and Aij are defined in [1, 2, 5, 7] for symmetric 
laminates with multiple isotropic layers. 

2.3.2. The Navier Solution for FSDT 
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The boundary conditions for a simply supported plate (Figure 4), in FSDT, are: 

- for the edge parallel to the y-axis: 000  xy Mwv   

- for the edge parallel to the x-axis: 0 0 0x yu w M     

 
Figure 4. Boundary conditions on a simply supported plate for the Mindlin theory 

The boundary conditions are satisfied by the following expressions: 
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where α = mπ a⁄ , β =  nπ b⁄  and m, n are the steps of the series. 

The transverse load is also transcribed in double Fourier series: 
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The coefficients mnW , mnX  and mnY  have the following expressions: 
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where: 
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Once the displacements and rotations are determined, the bending and twisting 
moments can be computed: 

 










1 1

1211 sinsin)(
n m

mnmnx yxYDXDM 

 

 










1 1

2212 sinsin)(
n m

mnmny yxYDXDM 

 (19) 

 










1 1

66 coscos)(
n m

mnmnxy yxYXDM 

 
and the stresses: 
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2.3.3. Numerical methods 
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2.3.3.1. Finite difference method 

The finite difference method can easily be used to determine the bending behaviour 
of isotropic sandwich plates for the first order shear deformation theory. 

The first step consists in determining the moment sum and deflections for an 
equivalent homogenous plate, composed of the two face sheets glued together, using 
the well-known Poisson equations of the Classical Plate Theory: 

 qM K 2 ;   
D

Mw
K

K 2  (21) 

After which the deflections of the real sandwich plate are computed using the 
relationship that connects the two theories [5]: 
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where: 
- - 2 - the Laplacian operator, approximated by the finite difference method; 
- - q is the transverse load; 
- - “M” and “K” superscripts denote quantities of the Kirchoff and Mindlin plate 

theories; 
- - D is the bending stiffness of the equivalent homogenous plate: 
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- - MK is the moment sum for the homogenous equivalent Kirchoff plate; 
- - Dc and Df are the bending stiffnesses of the core and faces for the real plate; 
- - Gc,Gf  - the shear moduli of the materials for the core and faces; 
- - hc and hf  - the thickness of the core and that of the faces; 
- - Ks – the shear correction factor, as discussed in section 2.2. 

The stiffnesses Dc and Df are: 
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2.3.3.2. Finite elements method 

Almost all commercial finite element analysis codes (Abaqus, Ansys) use Mindlin 
type plate elements. 
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For example, the most common type of element used by Ansys to model layered 
plates is SHELL181. The following is from the Ansys Workbench Help [10]: 

“SHELL181 is a four-node element with six degrees of freedom at each node: 
translations in the x, y and z directions, and rotations about the x, y and z-axes. 
SHELL181 can be used for layered applications for modelling composite shells or 
sandwich construction. The accuracy in modelling composite shells is governed by 
the first-order shear-deformation theory.(usually referred to as Mindlin-Reissner 
theory). 

Transverse shear stiffness of the shell section is estimated by an energy equivalence 
procedure. The accuracy of this calculation may be adversely affected if the ratio of 
material stiffness’s (Young’s moduli) between adjacent layers is very high.” 

3. CONCLUSIONS 

The first-order shear-deformation theory is widely used for the bending 
analysis of sandwich plates. It relaxes the normal segment hypothesis and 
takes into account a constant shear strain on the plate thickness. In order to 
correct the discrepancy between this constant distribution and the real 
parabolic distribution, the theory uses a shear correction factor. As has been 
shown, the accuracy with which this factor is computed is critical for the 
validity of the results. The Mindlin plate model is implemented in all major 
finite element analysis software and the shear correction factors are 
determined using the energy equivalence method.  
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Summary 

The later force resistance in dual-eccentrically braced frames is provided by two 
structural system: eccentrically braced frames (the primary sub-system) and 
moment-resisting frames (the secondary sub-system). Eccentrically braced frames 
dissipates most of the seismic energy through plastic deformations in links, while 
moment-resisting frames represent a back-up system, increases the redundancy of 
the overall system. This paper presents the modelling approach of steel dual-
eccentrically braced frames using the OpenSees software framework. Ten different 
structural configurations were used to evaluate their performance given two levels 
of seismic hazard. The analyses of the frames is part of the ongoing European pre-
QUALified steel JOINTS project, concerned with the pre-qualification of all-steel 
Beam-to-Column joints in steel structures. The designed frames were evaluated in 
terms of seismic performance by means of non-linear static (pushover) analyses, 
with a modal and uniform distribution of forces, time history and incremental 
dynamic analyses. The eccentrically braced frame contains short links, for which 
the shear force - shear deformation (V-γ) curve was calibrated based on 
experimental results. The physical theory models were used for columns and 
braces in the numerical model. The model was built in a 3D environment and extra 
nodes were added at each column and brace midpoint to account for initial 
imperfections. The midpoints were without restraints so that buckling could occur 
about the weak axis. 

KEYWORDS: steel dual-eccentrically braced frames, short links, OpenSees, IDA 
analysis, performance evaluation, FEM modelling, physical theory models 

1. INTRODUCTION 

An inverted “V” (Chevron) configuration was chosen for the dual eccentrically-
braced frames. The braces are located at the central bay of each frame and are 
assumed to have out-of-plane pinned ends and rigid in-plane connections. The 
seismic links are horizontal, located at the beam where the braces converge and 
have a uniform length of 0.7m, which leads to a “short” link design, for the specific 
range of selected member sizes. The section of the link is the same as the section of 
the adjacent beam (using full-depth web stiffeners to ensure ductile cyclic 
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behaviour, per EN 1998-1 [5], Section 6.8.2). The exterior bays are modelled as 
moment resisting frames. Square hollow sections (i.e. SHHF or SHS) are selected 
for the braces and HEA sections are selected for the seismic links/beams. The 
beam-column joints are considered to be full strength and fully rigid connections. 
The structures analysed are presented in Table 1 . 

Table 1 Designed dual-eccentrically braced frames 

Frame Name  Structural Configuration 

DEBF-6-3-6-MH  D-EBF, 6-storey, 3-bay, 6m span, PGA=0.25g 

DEBF-6-3-6-HH  D-EBF, 6-storey, 3-bay, 6m span, PGA=0.35g 

DEBF-6-3-8-MH  D-EBF, 6-storey, 3-bay, 8m span, PGA=0.25g 

DEBF-6-3-8-HH  D-EBF, 6-storey, 3-bay, 8m span, PGA=0.35g 

DEBF-6-5-6-HH  D-EBF, 6-storey, 5-bay, 6m span, PGA=0.35g 

DEBF-12-3-6-MH  D-EBF, 12-storey, 3-bay, 6m span, PGA=0.25g 

DEBF-12-3-6-HH  D-EBF, 12-storey, 3-bay, 6m span, PGA=0.35g 

DEBF-12-3-8-MH  D-EBF, 12-storey, 3-bay, 8m span, PGA=0.25g 

DEBF-12-3-8-HH  D-EBF, 12-storey, 3-bay, 8m span, PGA=0.35g 

DEBF-12-5-6-HH  D-EBF, 12-storey, 5-bay, 6m span, PGA=0.35g 

2. BASIC MODELLING ASSUMPTIONS FOR DEBFS 

The OpenSees model of the structure was defined in a 3D environment. Out of 
plane degrees of freedom were blocked for the nodes connecting beams, columns 
and braces. The 3D model allows for imperfections to be introduced in the columns 
and braces. The imperfections were added by inserting off-plane mid-points with 
an offset of L/1000 [9]. These nodes have 6 degrees of freedom allowing the 
elements to gain out-of-plane deformations. Except for the braces which have 
pinned out-of-plane connections and rigid in-plane connections, all the other 
elements have rigid connections. The columns’ web panel was considered to be 
fully rigid. To model the rigid web panel nodes were added at the beams and 
columns flange positions as seen in Figure 4. These nodes were connected to the 
central node through rigid elements. The second order effects were taken into 
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account by modelling a leaning column with the additional loads of the rest of the 
structure. The masses were assigned to the leaning-column nodes. A typical 
structural scheme showing element connectivity is shown in Figure 1. 

 
Figure 1. Structural model with nodes position 

Beams, columns and braces were modelled as fiber sections with 20 fibres along 
the flange and web length, and 2 fibers along the flange and web thicknesses 
respectively. The sections were attributed to force controlled elements with 
distributed plasticity (forceBeamColumn). Three integration points were attributed 
to each half length of the columns and braces, five integration points for the beams 
and three for the links.  

The link was modelled by aggregating the shear force-deformation response with a 
forceBeamColumn element accounting for flexural deformations. The shear 
response was modelled with a Steel4 [1] hysteretic relationship material with the 
yielding strength equal to the yielding force of the link element in shear calculated 
with Equation (1) and the initial stiffness of the link accounting only for shear 
Equation (2) (disregarding the contribution of the flexural stiffness). The stiffness 
was inserted as the ratio between shear force and shear deformation (V-γ). The 
modelling parameters for links values are shown in Table 2. 
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Table 2. Links shear modelling parameters 

Link Section 
Vy 

[kN] 

Ks 

[kN/rad] 

γy 

[rad] 

γu 

[rad] 

HE450A 1218.6 370737 

0.00329 0.15 

HE400A 1030.9 313632 

HE360A 922.5 280665 

HE340A 751.2 228541 

HE320A 668.5 203391 

HE300A 592.4 180387 

HE280A 519.7 158112 

HE260A 449.3 136687 

HE240A 411.3 125145 

HE220A 350.4 106596 

HE200A 294.2 89505 

HE180A 242.8 73872 

*Vy = force at yield; θy = link rotation at yield; θu = link rotation at failure; 

 

The shear behaviour of the link was calibrated based on the experimental results from 
Okazaki and Engelhardt 2006 [11] on short links. The model used for the calibration 
consisted in a 2D beam element with all the degrees of freedom blocked at one end and 
rotation blocked at the other end. Fiber sections were used to define the cross-section of the 
element, just as in the large structural model. The material parameters determined for the 
link response are presented in Table 3. 
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Table 3. Steel4 material parameters 

Parameter Parameter description Value 

b_k Kinematic hardening ratio 0.018 

R_0 
Controls the exponential transition from elastic to plastic 
asymptote 

15 

r_1 0.82 

r_2 0.2 

b_i Isotropic hardening ratio 0.0032 

b_l Isotropic saturated hardening ratio 0.0014 

rho_i Position of intersection point between initial and saturated 
asymptote 0.24 

R_i Controls the exponential transition from initial to saturated 
isotropic hardening 50 

l_yp Length of the yielding plateau 0 

f_u Ultimate strength 1.5 yV  

R_u Controls the transition from kinematic hardening to perfectly 
plastic asymptote 1.8 

*Vy = force at yield as described in Table 2 taken for each link according to its cross-section 
properties 

 

The calibrated link used from Okazaki and Engelhardt 2006 [11] was a W10x33 
with the length of 584 mm subjected to a revised loading protocol according to 
2005 AISC Seismic Provisions [3]. The static scheme used for the analyses can be seen in 
Figure 2. 

 
Figure 2. Link calibration static scheme 

The comparison between the numerical and experimental results are displayed in 
Figure 3 in terms of shear force – element rotation. 
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Figure 3. Numerical validation of shear link element 

The leaning column was modelled using elastic elements (elasticBeamColumn) 
with the cross-section properties of the 4 central columns for the 3-bay model and 6 
columns for the 5-bay model. The transformation methods assigned to each type of 
element can be seen in Table 4. 

Table 4 Element modelling parameters 

Structural element Finite element type Section Transformation 

Beam forceBeamColumn Fibre section Linear 

Brace forceBeamColumn Fibre section Corotational 

Column forceBeamColumn Fibre section Corotational 

Seismic link forceBeamColumn Fibre section Linear 

Leaning column elasticBeamColumn Elastic section P-Delta 

Rigid link element elasticBeamColumn Elastic section Linear 
 

The elements go from node to node with a rigid offset to account for the height of 
the beams and columns as seen in Figure 4. This is to model the panel zone as a 
fully rigid part of the structure. The nodes are considered to be full strength and 
fully rigid.  
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a) b) c) 

Figure 4. Model of connection types: beam-column joint (a), beam-brace column (b), brace 
link (c) 

The material for all frame elements is S355 steel with an over-strength factor ov= 
1.25. The chosen member sections are standard metric sections. The materials used 
for the fibre sections was Steel02 [12] (Giuffré-Menegotto-Pinto Model with 
Isotropic Strain Hardening) with the parameters values specified in Table 5.  

Table 5. Steel02 modelling parameters 

fy, 
[N/mm2] 

E,  

[N/mm2] 
b R0 cR1 cR2 

443.5 210000 0.02 18 0.925 0.15 

*fy = steel yield stress; E = steel modulus of elasticity; b = strain hardening ratio; R0, cR1, cR2 
= control the transition from elastic to plastic branches 

 

3. ANALYSIS RESULTS 

3.1 Modal analysis 

The results of the eigenvalue analysis in terms of 1st and 2nd modal periods of the moment 
moment frames are summarized in  

Table 6. The range of the fundamental natural periods of vibration is from 0.93 to 
1.14s for the 6-storey typologies and from 1.60s to 1.86s for the 12-storey 
typologies.  
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Table 6. Natural periods of vibration of DEBFs 

Frame T1 (s) T2 (s) Frame Typology T1 (s) T2 (s) 

DEBF-6-3-6-MH 1.00 0.35 DEBF-12-3-6-MH 1.78 0.60 

DEBF-6-3-6-HH 0.93 0.33 DEBF-12-3-6-HH 1.60 0.54 

DEBF-6-3-8-MH 1.14 0.41 DEBF-12-3-8-MH 1.86 0.62 

DEBF-6-3-8-HH 1.00 0.36 DEBF-12-3-8-HH 1.67 0.56 

DEBF-6-5-6-HH 0.97 0.35 DEBF-12-5-6-HH 1.59 0.55 

3.2 Pushover analysis 

The frame typologies presented in Table 1 were subjected to pushover analyses, 
using both a uniform lateral load distribution and a modal lateral load distribution 
[10]. The control parameter is the top floor horizontal displacement. The computed 
pushover curves are presented in Figure 5 for the 6-storey frames and in Figure 6 
for the 12-storey frames. The pushover curves for the structures with 6 m bays and 
6 storeys show an increase of shear force over the plastic plateau mainly due to the 
overstrength [8] of the seismic links. Structures with larger spans and more storeys 
show a local failure mechanism due to the buckling of the compressed braces from 
the lower storeys. After the buckling occurs, an increased sensitivity to second 
order effects can be noticed in the structure. This happens at very large roof 
displacements (approx. 6% drift). The post-yielding plateau of the pushover curve 
is decreasing, response generated by a storey failure mechanism in addition to the 
second order effect, leading to a fragile failure mechanism. The 5 bays frames 
show ductility and an increase in the post-yielding stiffness, regardless of the 
number of storeys. On the other hand, it can be observed that the uniform load 
pattern leads to larger base shear force. 
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Figure 5. Pushover curves for 6-storey DEBFs 
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Figure 6. Pushover curves for 12-storey DEBFs 
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3.3 Non-linear dynamic analysis 

The set of dual eccentrically braced frames was used for performing dynamic 
analyses, using as ground acceleration input two ground motion suites, for high 
seismic hazard (HH) and medium seismic hazard (MH) [1]. Rayleigh damping was 
used for a ratio ξi = 2% at the first and third natural frequencies of vibration. To 
monitor the residual displacements and deformations, additional 10 seconds were 
added to each accelerogram with 0 acceleration input. For the last 10 seconds the 
damping ratio was increased to ξr = 20%. Three performance objectives (limit 
states) were considered, according to EN 1998-3 (CEN 2005b) [5]: damage 
limitation (DL), significant damage (SD), near collapse (NC). The corresponding 
seismic intensity levels were, respectively 50%, 100% and 175%, of the design 
one. The basic parameters monitored were the maximum and residual inter-storey 
drift ratios, link and beam rotations. 

3.3.1. Inter-storey drift ratios 

As seen in Figure 7 for the 6-storey frames the peak inter-storey drifts occur at the 
2nd and 3rd storey and range from 0.014 rad for the MH cases up to 0.019 rad for the 
HH cases. The residual inter-storey drifts keep the same profile as the maximum 
values with the peaks at the 2nd and 3rd storey. The values range from 0.0011 rad 
for the MH cases to 0.0074 rad for the HH cases .In the case of the 12-storey 
frames, peak inter-storey drifts occur at the 3rd and 4th storeys of the frames and 
vary from 0.019 rad to 0.029 rad for the HH cases. The peak inter-storey drift for 
the MH frames occur at mid-height between the 5th and 6th storey. The values range 
between 0.0093 rad and 0.0095 rad, showing a reduced influence of the span’s 
length. Same as for the 6-storey frame the residual inter-storey drift has the peaks 
were the maximum value for drift occurred. It can be seen that the values for 
residual inter-storey drift ranges from 0.0012 rad for MH frames to up to 0.0075 
rad for HH frames. 
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Figure 7. Mean profiles of max. and residual inter-storey drift ratios for the near collapse 

performance level 

3.3.2. Link deformations 

The acceptance criteria for link deformations in terms of plastic rotation for the 3 
limit states considered are taken from ASCE/SEI 41-13 [120], were the 
corresponding limit states are immediate occupancy (IO), life safety (LS) and 
collapse prevention (CP). The structures were verified that the elements 
requirements are within the accepted limits as seen in Table 7. For the DL limit 
state, the links rotations exceed the acceptance criteria in all the frames considered 
as opposed to the SD limit state. The link rotations for the SD limit state are much 
lower than the accepted ones (the lowest being 5 times less in the DEBF-12-3-6-
MH frame). At the CP limit state the links that exceed the acceptance criteria are 
the ones from the 8 m spans frames designed for high seismic hazard. Comparing 
the link rotation from the 6 m span and the 8 m span frames, it can be seen that the 
link has a higher contribution when wider spans are implied. 
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Table 7. Performance evaluation of link elements 

 Mean profile of link max rotation Acceptance criteria 

Frame DL (IO) SD (LS) NC (CP) IO LS CP 

DEBF-6-3-6-MH 0.0156* 0.0375 0.073 

0.005 0.14 0.16 

DEBF-6-3-6-HH 0.0231* 0.0598 0.134 

DEBF-6-3-8-MH 0.0193* 0.0514 0.102 

DEBF-6-3-8-HH 0.0345* 0.0763 0.186* 

DEBF-12-3-6-MH 0.0127* 0.0294 0.059 

DEBF-12-3-6-HH 0.0160* 0.0464 0.072 

DEBF-12-3-8-MH 0.0158* 0.0356 0.098 

DEBF-12-3-8-HH 0.0206* 0.0580 0.166* 

*the deformation requirement exceeds the acceptance criteria 
 

3.3.3. Beam deformations  

As described in paragraph 3.3.2 the same checks were made for the beam rotations. 
As seen in Table 8 the mean profile of beam rotations does not exceed the 
acceptance for none of the limit states considered. The values are much lower than 
the accepted ones by almost 5 times, even at DL limit state. This shows that the 
MRF beams do not suffer large deformations even at high seismic intensities. The 
MRF could serve this way as a backup for the failure of the EBF. 

Table 8. Performance evaluation of beams 

 Mean profile of beam max rotation Acceptance criteria 

Frame DL (IO) SD (LS) NC (CP) IO LS CP 

DEBF-6-3-6-MH 0.0047 0.0080 0.0151 0.0247 0.117 0.143 

DEBF-6-3-6-HH 0.0063 0.0114 0.0242 0.0247 0.117 0.143 

DEBF-6-3-8-MH 0.0054 0.0094 0.0171 0.0342 0.162 0.198 

DEBF-6-3-8-HH 0.0081 0.0127 0.0266 0.0342 0.162 0.198 

DEBF-12-3-6-MH 0.0058 0.0083 0.0129 0.0228 0.108 0.132 

DEBF-12-3-6-HH 0.0073 0.0116 0.0224 0.0228 0.108 0.132 

DEBF-12-3-8-MH 0.0060 0.0091 0.0126 0.0304 0.144 0.176 

DEBF-12-3-8-HH 0.0080 0.0123 0.0328 0.0304 0.144 0.176 
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3.4 Incremental dynamic analysis 

For performing incremental dynamic analyses (IDA) [7], the same ground 
acceleration input as for the time-history analyses was used. The parameters were 
kept unmodified. The ground motions were scaled by factors ranging from 0.25% 
to 400% at a constant step of 0.25%. The basic parameters monitored are the 
maximum inter-storey drift ratios (directly related to the rotation demands on 
connections) and the absolute storey accelerations (related to non-structural 
damage). Representative IDA curve sets in terms of maximum inter-storey drift 
ratio vs. ground motion intensity are presented in the plots of Figure 8. From the 
inter-storey drift IDA curve sets most of the frames considered, exhibit a hardening 
behaviour, with increasing ground motion intensity. However for the HH frames at 
higher seismic intensities, above 200% a soft storey mechanism begins to show. 
The IDA curves show a hardening mean response for all the considered frames. In 
the case of the 00293T accelerogram for HH frames, a softening behaviour can be 
observed, together with an intermediate collapse area followed by a structural 
resurrection. At different seismic intensities the global response of the structure 
changes, due to different failure mechanisms.  

At the Damage Limitation (DL) performance level (corresponding to ground 
motion intensity 100%), the inter-storey drifts range approximately between 0.0075 
rad and 0.012 rad, on average, which is much lower than the generally accepted 
ultimate drift levels for connections (0.035-0.040 rad). The latter levels of 
deformation are attained at intensities close to 350% (corresponding to two times 
the NC performance level) for the MH frames and around 175% for the HH 
frames.  
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Figure 8. IDA curves maximum inter-storey drift ratio 

IDA curve sets for maximum floor accelerations (absolute) vs. ground motion 
intensity for the 6-storey frame typology MRF636 (MH and HH) are presented in 
Figure 9. The peak recorded absolute accelerations are systematically recorded at 
the top floor of the frames. The dynamic amplification with respect to the peak 
ground acceleration is of the order of 400%. 
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Figure 9. IDA curves maximum floor acceleration 
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4. CONCLUSIONS  

The 3D modelling approach allows the designer to check the structure’s response 
including the buckling of compressed elements. This type of modelling gives a 
more realistic feedback of the structural behaviour. At the same the analysis and 
the results processing requires more resources and time.  

As presented in the previous chapters the pushover results give valuable insights of 
the general behaviour of the considered frames. Different failure modes can be 
observed, varying from global failure of the frame through hardening behaviour to 
local failure of elements through a softening plateau. It can be seen that the P-delta 
effects have a large impact on the response of the structure, especially when 
imperfection are included in the model. 

The time history analysis shows that for medium seismic hazard, the length of the 
bays has a negligible influence on the response of the structures (in terms of inter-
storey drift), even at the near collapse limit state. For structures subjected to high 
seismic hazard, the span has a big influence on the response of the structure, 
leading to an absolute inter-storey drift increase of almost 50% from a 6 m span to 
an 8 meter span. The residual inter-storey drift is also increased by 2.5 times. 

At element level, the two monitored deformations show that for the first limit state 
(DL) all the links exceed the acceptance criteria, whereas the beams have minor 
deformations. For the SD limit state neither of the two exceed the accepted values. 
At the CP limit state only links from 2 of the HH frames, with 8 m span length 
exceed the accepted rotation. 

The performance of the structures can be further analysed in terms of elements 
behaviour to identify if the non-dissipative elements requirements are within the 
acceptance criteria; their design strength is not exceeded. 
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Appendix 

λ Hazard level amplification factor  

fy Steel yield stress 

Avz Effective shear area of steel section 

G Shear elastic modulus 

γMI Material safety factor 

e Link length 

E Steel modulus of elasticity 

b Strain hardening ratio 

γov Steel overstrength coefficient 

Vy Shear yield force 

Vu Shear ultimate force 

Ks Link shear elastic stiffness of element 

γ y Link yield shear deformation 

γ u Link ultimate shear deformation 
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Summary 

When steel moment frames are properly designed and detailed, additional capacity 
of carrying loads by catenary action can secure the resistance against progressive 
collapse in case of extreme load events. This may be accomplished by providing 
beam-to-column connections with improved ductility and strength properties. In 
order to achieve this aim, the connections should be designed for the combined 
effects of flexure and axial tension. This requirement is more demanding for 
partial-strength connections, where the plastic deformations are designed to 
develop within the connection components.  

The paper presents the results of a research program that aimed at evaluating the 
capacity of typical beam-to-column connections to allow the development of the 
catenary action following the loss of a column. Two types of connections have been 
studied, i.e. end plate bolted connection and reduced beam section welded 
connection. Finite Element Method numerical models were used to design the test 
specimens and optimize the testing procedure. Using the FEM model, the evolution 
of bending moment and axial force at different cross sections with important 
plastic deformations has been monitored. These parameters give valuable 
information about the redistribution of stresses when connections are loaded 
beyond flexural capacity.  

KEYWORDS: end-plate bolted connection, reduced beam section, catenary action, 
robustness, column loss scenario, FEM modelling, M-N interaction 

1. INTRODUCTION 

Moment resisting connections are widely used in the steel frame constructions. 
They can be designed to range from flexible and partial resistant connections to 
stiff and strong connections.  Past research focused on earthquake type loading and 
gravity loading associated to permanent design situations. However, there are 
specific problems which need to be considered when localized failures, particularly 
of columns, occur, i.e. development of the catenary forces in the beams and 
admissibility criteria to be considered in the design considering the interaction 
between axial loads and bending moments. It is therefore of interest to study the 
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capacity of actual design procedures to provide enough robustness for connections 
under extreme loading conditions [1]. 

A large experimental program on connection components and assemblies with 
different connection configurations was developed within the framework of the 
CODEC research program at PU Timisoara [2]. The scope of the investigations 
was to evaluate the influence of initial design conditions of connections (i.e. 
capacity, failure mode) in case of extreme events, like column loss scenarios. The 
paper presents the results of the numerical simulations on joint specimens with 
reduced beam section connections (RBS) and extended end-plate bolted 
connections (EP) subjected to central column loss scenarios. The RBS and EP 
connections were designed for permanent and seismic design situations. The 
characteristics of materials used for the numerical models were obtained from 
coupon tests on the same material that were used to manufacture the specimens. 

2.  TEST SET-UP AND JOINT SPECIMENS 

A case-study building with three bays, four spans and six storeys steel structure 
with moment frames in both directions was used as reference structure (Figure 1). 
The bays and spans each measured 8.0 m, and each story was 4.0 m high. The 
structure was design for permanent and design situations. Dead and live loads 
amounted 4.0 kN/m2 each and design acceleration was ag = 0.08 g (low-seismicity 
area). The details of the structure are presented in [3]. 

A perimeter frame with two bays and one story (Figure 1) was extracted from the 
reference building structure and downscaled. This scaling resulted in a 6.0 m long 
specimen, with two equal bays of 3.0 m and 1.2 m height columns. The beams 
were made from IPE 220 hot rolled profiles and the columns were HEB 260 
profiles with the flange chamfered to reduce the width to 160 mm. The marginal 
columns were pinned at the base and the central column was removed.    

The vertical displacement on the central column was introduced with a hydraulic 
actuator, as presented in Figure 1. The actuator acts also as a vertical support for 
the missing central column in the initial stage, before starting the test. 

Double-pinned horizontal elements connected to the marginal columns and 
reaction structures serve as boundary conditions to simulate the continuity of the 
frame in the reference structure. A lateral restraining system was used to prevent 
out of plane displacements of the specimen.  

The two types of connections are presented in Figure 2. The beam to end-plate 
weld is a full penetration weld. The nominal thickness of the end-plate is 16 mm. 
The 16 mm 10.9 class bolts are disposed in 5 rows (90mm, 60mm, 60 mm and 90 
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mm distances between rows). The horizontal distance between bolts is 70 mm. The 
bolts were not pre-loaded. 

In case of RBS, the weld between the beam and the column is a full penetration 
weld. The cut outs from each flange were 22 mm within a 140 mm radius circle.  

  

 

 
Figure 1. Case study structure (top left); test set-up (top right); specimen (bottom) 

    
EP   RBS 

Figure 2 View of connections: extended end-plate connections (left); 
reduced beam section connection (right) 
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3. CALIBRATION OF MATERIAL  

The material model is based on experimental tensile tests performed on coupons 
extracted from the same steel plates and steel profiles that were used to 
manufacture the specimens. The tensile tests were performed in the Research 
Center for Mechanics of Materials and Structural Safety – CEMSIG Laboratory of 
Politehnica University Timisoara, Romania on an INSTRON universal testing 
machine and the elongations were measured using a video-extensimeter module. 
Two points at each end of the calibrated length of the coupons were visually 
monitored during the tensile test (see Figure 3) in order to get an accurate relative 
displacement, avoiding errors such as grip slippage and influence of the elasticity 
of the machine itself. 

 
Figure 3. Tensile test in progress (left); coupons with monitored white dots (right) 

Three tensile tests were performed for each material category. Since the 
engineering stress-strain curves for coupons in the same batch were very similar, 
only one curve for each material was selected and processed. The engineering 
stress-strain curve extracted from the test was transformed in a true stress - true 
strain curve up to the ultimate force with equations (1) and (2) from EN 1993-1-5 
[5]. When the necking occurs after the maximum load, the material seems to 
soften, while it is actually hardening [6]. After the attainment of maximum 
engineering strain, the material law in the true stress - true strain curve was 
considered ascending with a parabolic shape that was obtained through iterations 
by comparing the model results with the experimental results (Figure 4). 

 σtrue = σ(1 + ε) (1) 

 σtrue = ln(1 + ε) (2) 

Finite element models were constructed in Abaqus [4] for the tensile test on 
coupons, with the actual dimensions of the specimens. Only the coupon outside the 
grip was modelled, assigning kinematic restraints (highlighted in red in Figure 4 
left) to the ends of the coupon by linking them to reference points. One reference 
point was fixed in all degrees of freedom, while to the other a vertical displacement 
was imposed in a dynamic explicit step. The monitored displacement in the FEM 
analysis was between points located in the same zone as the points monitored with 
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the video extensimeter (highlighted points in Figure 4 right). The mesh considered 
for this specimen was the equivalent size for the mesh in the joint models in the 
important plastic zones. 

Apart from the true stress-plastic strain curve, material density (7.85 10-9 
tons/mm3), Young’s modulus (210000N/mm2) and the 0.3 Poisson’s ratio, the IPE 
220 web material model consists also of a ductile damage characterised by 0.4 
fracture strain and 0.8 stress triaxiality. Also the sub-option of damage evolution 
was introduced – displacement type, linear softening and maximum degradation 
with 0.4 displacement at failure. 
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Figure 4. FEM model of coupon and its constraints (left); test and FEM engineering stress-
strain curve (middle); strain and deformed shape of coupon with monitored points (right) 
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Figure 5. True stress-strain material curves 

For the other materials, changes of fracture strain and elongation at failure have 
been done in order to comply with the breaking point. Also, changes to the 
polynomial parameters for the true stress - true strain relationship after the 
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maximum force were made in order to match the descending shape of the 
engineering stress-strain curve. Figure 5 plots the stress - true strain curves for 
materials. With the same procedure, the bolt material has been calibrated using 
experimental tensile tests on similar bolts that were used in the experimental tests. 

4. NUMERICAL MODEL OF JOINTS 

The analysis was performed in dynamic explicit step, using mass scaling in order to 
obtain a reasonable computational time. Thus, the ratio of kinematic energy and 
external work was monitored and maintained less than 1%. Nominal geometry was 
used to create the model (Figure 6). The lateral restraining system was modelled as 
in the test set-up. A general contact “all with self” has been defined with a “hard” 
contact interaction allowing all external surfaces to create contact reaction forces 
when the surfaces are close. 

The horizontal links and reaction structures were modelled as beam parts meshed 
with B31 elements (2-node linear beam in space). C3D8R (8-node linear brick, 
reduced integration, hourglass control) finite elements were used to mesh solid 
parts in sweep or structural tehnique using local seed constraints for refined meshes 
in important zones (see Figure 7). The mesh size of the plastic zones has the same 
shape and size as the mesh of FEM models for material calibration of coupon tests. 

Interaction between nodes was also modelled (some are presented in Figure 8). 
Welds were either modelled as ties on all degrees of freedom between points of 
two different solid parts, or directly modelled as material in the solid part. 
Kinematic constraints connected nodes from a surface to a reference point to which 
boundary conditions are imposed (the hinge under the edge columns, or the loading 
point above the central column). A smooth step amplitude displacement controlled 
load was applied. Small imperfections were asummed by the asymmetry of the 
mesh and vibrations in the dynamic loading.  
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Figure 6. FEM model of joints: left connection of RBS joint (top-left); FEM model of RBS 

connection joint (top-middle); FEM model of EP connection joint (bottom-middle);  
right connection of RBS joint (bottom-right) 

      
 

Figure 7. Mesh of solids parts: (top), and beam elements (bottom) 

       
     a)  b)  c)   d  

Figure 8. FEM constraints weld - by ties (a) or direct modelling, couplings (b)– on the 
surface (c), or with offset (d) 
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5. ANALYSIS RESULTS  

The vertical force - vertical displacement curves for the two specimens are 
presented in Figure 9. In the initial elastic stage, it may be seen that the EP 
specimen is more flexible than RBS specimen, due to the flexibility of the end-
plate and the tolerances for the bolt holes. The lower level of yield force for the 
RBS can be explained by the cross-section reduction near the edges of the beam, 
where plastic deformations develop first. Figure 10 and Figure 11 show the 
deformed shape of the specimens and Von Misses stresses/PEEQ for some details. 
The failure mode of the EP specimen is caused by the fracture of the bolts in 
bending and tension. Tension in bolts is due to the bending moment component, 
the axial force component and the prying effect, which can amplify the axial force 
in bolts with respect to the axial force imposed directly on the T-stub (Dinu et all 
2015 STESSA). Plastic deformations were isolated in the end-plate near the 
tensioned flange (the upper flange for the marginal connections and the bottom 
flange for the central connections) and in the beam, near the connections. The 
maximum force was 185 kN at 196 mm vertical displacement until the last row of 
bolts from the central connection fractured. As the deformation increased, other 
bolt rows successively fractured in other locations and the same connection. The 
force has vibrations due to these sudden losses of capacity, but if these vibrations 
are neglected, the capacity seems to have an increasing trend between the points of 
bolt fracture. 
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Figure 9. Vertical force-vertical displacement cures for EP and RBS 
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Figure 10. Deformed shape of EP at maximum load: Von Misses stress on beams and 

columns (top); Von Misses stress on bolts (bottom-left); PEEQ deformation for bolts and 
end-plate (bottom-right) 

 

 
Figure 11. Deformed shape of RBS at maximum load: Von Misses stress (top);  

PEEQ deformation (bottom) 
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Figure 12. Axial loads in several sections of the beam vs vertical displacement for RBS and 
EP (left); beam end position of sections and notations (right) 
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Figure 13. Bending moment in beam at different locations vs vertical displacement  
for EP (a) and RBS (b) 

The plastic deformations of the RBS specimen were concentrated in the reduced 
sections, mostly on the tensioned flanges. The failure is cause by fracture of a 
flange in tension in the reduced zone at a vertical force of 455 kN and respectively 
493 mm. The bending moment and axial force were monitored in several locations 
along the beam length: middle (noted as m) and n-p for EP and respectively n-r for 
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RBS (see Figure 12). The notations 1 and 2 represent the left and respectively right 
position of the cross sections on the beam. At a vertical deformation of 300 mm, an 
increase of axial force rigidity can be identified for the RBS specimen. This change 
is also indicated by a stiffness increase at 300 mm vertical displacement related to 
the vertical force and is directly related to the capacity increase due to catenary 
action. The axial force developed in the EP specimen (Figure 12) is significantly 
lower than in the RBS, due to a higher flexibility and also due to early failure of 
bolts. Bending moments in several locations of the beam are presented in Figure 
13. As the bolts fracture in the EP specimen, the bending moment in the beam 
decreases. Fracture of bolts in the central connections of the EP specimen changed 
the static equilibrium, introducing moments in the middle of the beam. In the case 
of the RBS specimen, the bending moments significantly decreased after a vertical 
displacement of 300 mm, as a result of the increase of the axial force.  

3. CONCLUSIONS 

The paper presents the results of a numerical study on assemblies with RBS and EP 
connections subjected to column loss scenario. Material should be calibrated for 
each mesh size, as the for the higher plastic strain levels the material behaviour 
depends on the size of the mesh, even if in a continuous steel element, but with 
different mesh size. The bending moment and vertical force for the RBS specimen 
are directly linked to the axial force developed in catenary action, showed by the 
change of the curvature of all these parameters at 300 mm vertical displacement. 
The ductility and ultimate capacity of the RBS specimen are 2.5 times greater than 
the one of the EP specimen. The EP specimen does not develop catenary action due 
to bolt failure in tension. The premature failure of bolts in the EP connection 
develops, and suggests that such connections should be designed according to 
acceptance criteria developed specifically for column loss scenarios.  
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Summary 

The material behaviour constitutive laws play a central role in the analysis of 
engineering components. With the focus to improve the representation of stress-
strain response under non-monotonic loadings, several models for cyclic plastic 
deformation have been developed in recent years. Present FE commercial 
packages provide models for the analysis of plastic deformation of metallic 
materials, even though the most recent models are yet to be implemented. A 
combined isotropic/kinematic hardening model can be used as an extension of 
simple linear models. This approach provides a more accurate approximation to 
the stress-strain relation than the linear model. It also models other phenomena, 
such as ratchetting, relaxation of the mean stress and cyclic hardening, which are 
typical of materials subjected to cyclic loading. 

Present paper presents the calibration and validation of the numerical model as 
part of a research project that was performed to check the validity of the moment 
frame connections of an 18-story steel structure. The finite element models were 
calibrated using experimental tests performed on four full-scale specimens at the 
CEMSIG Laboratory, Politehnica University Timisoara, Romania. Based on 
experimental test results, multiple cyclic material behavioural models were 
employed in order to obtain the best fitting curve. 

 

KEYWORDS: isotropic hardening, kinematic hardening, cyclic loading, FEA 

1. INTRODUCTION 

Modelling the real elastic–plastic stress–strain response plays a central role in the 
design and failure analyses of engineering components. With the focus to improve 
the representation of stress-strain response under non-monotonic loadings, several 
models for cyclic plastic deformation have been developed in recent years. The 
need of different material models arises due to the fact that for modelling cyclic 
loading, uniaxial test information is not sufficient to describe the material 
behaviour. Experiments show that the cyclic plastic characteristics of a metallic 
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material are different from the monotonic. Using monotonic data to analyse cyclic 
behaviour of a steel component may lead to significant errors. 

Reliable results on the yield limit and hardening behaviour can be obtained with 
one rather simple experiment (i.e. uniaxial tensile test), while undertaking 
experiments to determine the cyclic plastic behaviour of metals is very complex 
procedure. One aspect to be monitored is the cyclic hardening/softening of the 
material. The hardening behaviour will change as the load cycles and the stress-
strain behaviour may become very different from the monotonic. 

Following extensive research, a large variety of constitutive models is available to 
describe the material behaviour of metals under cyclic loading. The theories are 
based on the observation of some of the characteristic experimental behaviour in 
cyclic plasticity. Magnus and Segle [1] examined the capabilities and limitations of 
some of the most commonly used models in cyclic plastic deformation. 

Reviewing some of the existing material models for cyclic material behaviour, 
present paper presents the calibration and validation of the numerical model, as 
part of a research project that was performed to check the validity of the moment 
frame connections of an 18-story structure. The finite element models were 
calibrated using experimental tests performed on four full-scale specimens at the 
CEMSIG Laboratory, Politehnica University Timisoara, Romania.  

2. MATERIAL MODELS 

Araujo [2] presents the comprehensive description of existing material models 
together with the mathematical and mechanical background. A brief description is 
presented hereafter. 

In order to describe the work-hardening material behaviour, an initial yielding 
condition, a flow rule, and a hardening rule is required. The purpose of initial 
hardening rule is to specify the state of stress for which plasticity will first occur. 

Plastic materials have an elastic range within which they respond in a purely elastic 
manner. The boundary of this range, in either stress or strain space, is called the 
yield surface. The shape of the yield surface depends on the entire history of 
deformation from the reference state. The yield surface can change its size and 
shape in the stress space. When the yield surface expands it is said that material 
hardens and when it contracts it is said that material softens. If the material under 
consideration strain-hardens, the yield surface will change in accordance with the 
hardening rule (i.e. isotropic, kinematic, combined) for values of stress values 
beyond the initial yield point, where the yield point will rise to the new value of the 
stress state in the work-hardened material. 
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Since it is difficult to determine the exact locus of the yield surface, many yield 
criteria have been proposed. The most commonly used type of surfaces for steels is 
the von Mises kind, where two state variables are used: the kinematic and the 
isotropic hardening variables. The kinematic variable accounts for the translation 
of the yield surface, while the isotropic variable accounts for its change in size or 
expansion. After the elastic limit is reached, the state of stress lies on the yield 
surface. If loading continues, hardening can be manifested in one of these two 
forms (or both): isotropic and kinematic. Isotropic hardening accounts for the 
expansion of the yield surface and kinematic hardening accounts for its translation 
in the deviatoric stress space. 

2.1. Cyclic material models 

Vast majority of cyclic material models rely on the two types of hardening rules 
described before i.e. isotropic and kinematic. Figure 1, a) presents the difference 
between isotropic and kinematic hardening for a uniaxial cycle loaded steel sample. 
For isotropic hardening, the yield surface remains the same shape, but expands 
with increasing stress (see Figure 1, b). The shape of the yield function is specified 
by the initial yield function and its size changes as the hardening parameter 
changes. The isotropic hardening rule cannot model the Bauschinger effect, nor 
similar responses, where a hardening in tension will lead to softening in a 
subsequent compression. This model implies that an initial yield surface symmetric 
about the stress axes will remain symmetric as the yield surface develops with 
plastic strains. In order to be able to account for such effects, a kinematic hardening 
rule must be implied. For this model, the yield surface remains the same shape and 
size but translates in stress space. The distance between the centres of the surfaces 
is defined as the back-stress or shift-stress. 

a. 

Kinematic hardening

Isotropic hardening  b. 

Isometric yield 
surface expansion

kinematic yield 
surface translation

 
Figure 1. Isotropic/Kinematic hardening 
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Following, a short review of cyclic models evolution is given.  

Initially, Prager [3] proposed a simple kinematic hardening rule, to simulate plastic 
response of materials under cyclic loading. For a prescribed uniaxial stress cycle 
with a mean stress, the model fails to distinguish between shapes of the loading and 
reverse loading hysteresis curves and consequently produces a closed loop with no 
ratcheting. Following, Mroz [4] proposed an improvement of the linear kinematic 
hardening model as a multisurface model, where each surface represents a constant 
work hardening modulus in the stress space. Earlier, in 1958, Basseling [5], 
introduced a multilayer model without any notion of surfaces. Unfortunately, like 
the linear kinematic hardening model, multi-linear models also predict a closed 
loop. 

Following the pioneering work of Mroz [4], new concepts of uncoupled models 
have been introduced by Dafalias and Popov [6]. In this model, the plastic modulus 
calculation is not directly dependent on the yield surface kinematic hardening rule. 
The kinematic hardening rule specifies the direction of movement of the yield 
surface centre. During a uniaxial stress cycle, the yield surface moves along the 
stress direction only. 

Probably, the best known nonlinear kinematic hardening model has been proposed 
by Armstrong and Frederick [7]. The model introduces a kinematic hardening rule 
that contains a ‘recall’ term. It incorporates the fading memory effect of the strain 
path and essentially makes the nonlinear rule. Several improved models which are 
based on the Armstrong-Frederick kinematic hardening rule have been developed. 

Chaboche et. al. [8], [9] proposed a ‘decomposed’ nonlinear kinematic hardening 
rule. The Chaboche rule is, in fact, a superposition of several Armstrong-Frederick 
hardening rules, each with its specific purpose. Ohno and Wang [10] proposed a 
piecewise linear kinematic hardening rule. In his thesis, Bari [11] explains that a 
stable hysteresis curve can be divided into three critical segments where the 
Armstrong-Frederick model fails and explain in detail the functionality of above 
mentioned models.  

2.2. Kinematic models in commercial FE program, ABAQUS [12] 

For numerical simulations that contains metal elements subjected to cyclic loading 
Abaqus [12] offers a series of kinematic hardening models. The basic concept of 
these models is that the yield surface shifts in stress space so that straining in one 
direction reduces the yield stress in the opposite direction, thus simulating the 
Bauschinger effect and anisotropy induced by work hardening.  

The linear kinematic hardening model is the simpler of the two kinematic 
hardening models available in Abaqus. The evolution law of this model consists of 
a linear kinematic hardening component that describes the translation of the yield 
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surface in stress space through the back-stress. It can describe stable loops in cyclic 
loading, including the Bauschinger effect. However, the linearity makes the 
approximation of the Bauschinger effect rather crude. One special case of the 
model is the one with zero tangent modulus, which will be identical to the perfectly 
plastic model. 

The non-linear kinematic hardening model is based on the work of Lemaitre and 
Chaboche [13]. The evolution law of this model consists of two components: a 
nonlinear kinematic hardening component, which describes the translation of the 
yield surface in stress space (through the back-stress) and an isotropic hardening 
component, which describes the change of the equivalent stress defining the size of 
the yield stress, as a function of the plastic deformation. In this model, the 
kinematic hardening component is defined to be an additive combination of a 
purely kinematic term and a relaxation term (the recall term), which introduces the 
nonlinearity. 

3. CASE STUDY 

3.1. Experimental tests 

In order to be able to calibrate and validate the numerical model, the results of an 
extended experimental program were used. The experimental work presented 
hereafter is connected with the design of a high-rise office building, located in a 
high seismic area. The lateral force-resisting system was intended to create a tube-
in-tube structural layout with both perimeter and core framings steel framing 
composed of closely spaced columns and short beams. The central core is also 
made of steel framing with closely spaced columns and short beams. The ratio of 
beam length-to-beam height, L/h, varies from 3.2 to 7.4, which results in seven 
different types of beams. Some beams are below the general accepted inferior limit 
(L/h=4). The moment frame connections employee reduced beam section (RBS) 
connections that are generally used for beams loaded mainly in bending.  

Detailed information regarding the experimental study is presented in [15], while a 
brief description is presented hereafter. The columns have a cruciform cross-
section made from two hot-rolled profiles of HEA800 and HEA400 section. Both 
beams and columns are made from S355 grade steel. The base material 
characteristics have been determined experimentally. The measured yield strength 
and tensile stress of the plates and profiles were larger than the nominal values. 

Figure 2 presents the test setup. Specimens were tested under cyclic loading. The 
cyclic loading sequence was taken from the ECCS Recommendations [16]. Further, 
in Figure 5 are presented the experimental test curve used for calibration, together 
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with the associated failure mechanism for the specimen with the RSB-S3 
denomination [15]. 

The material properties (see Table 1) were determined using a uniaxial tensile test. 

Table 1. Material properties based on uniaxial tensile tests 
Section Steel grade Element fy [MPa] fu [MPa] Au [%] 

HEA800 S355 Flange 410.5 618.5 15.0 
Web 479.0 671.2 13.0 

HEA400 S355 Flange 428.0 592.0 15.1 
Web 461.0 614.0 12.8 

14 mm S355 Beam flange 373.0 643.0 17.0 
20 mm S355 Beam web 403.0 599.0 16.5 

 

 

  
 Figure 2. Test setup 
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 Figure 3. Experimental behaviour curve and associated failure mode 
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3.2. Model definition 

The geometric details of the numerical model were defined using the experimental 
tests as reference. Considering that the stress gradient within the elements thickness 
(i.e. flanges, web panels, etc.) is small enough, all components were modelled as 
shells and discretized using a quadratic 4-node doubly-curved “S4R” shell 
elements. It has to be noted that the S4R shell elements can capture the expected 
severe local buckling within the cross section. These elements also use reduced 
integration and hourglass control. The column edges at the top and bottom end are 
tied to the reference point using a “RIGID BODY” constraint in order to avoid 
local stress concentrations. At the bottom, the all three translations were blocked 
together with the rotation about the element axis. At the top, the rotation about 
element axis was blocked together with the out-of-plane translations. The axial 
shortening and the in-plane translations was allowed. In order to simulate pinned 
top connecting beam (see Figure 2), the reference points of top column constraints 
were tied together using a “TIE” constraint. Figure 4 presents the numerical model 
geometry, defined constraints, loading point and the load protocol. 
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 Figure 4. Geometry of numerical model and loading protocol  

The load was applied at the top of left column according to the protocol presented 
in Figure 4. 

3.3. Material calibration 

Depending on the accuracy and the allowable strain required for the analysis, 
according to Annex C.6 of Eurocode 3 [17], the following assumptions may be 
used to model the material behaviour: a) elastic-plastic without strain hardening; b) 
elastic-plastic with a nominal plateau slope (E/10000 or similar small slope); c) 

loading 
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elastic-plastic with linear strain hardening (E/100); d) true stress-strain curve 
modified from the test results as follows: 

 )1(  true  (1) 

 )1ln(  true  (2) 

Based on the literature review presented before, multiple material modes were used 
to calibrate the numerical model. The elastic behaviour is modelled using the E, 
elastic modulus and ν, the Poisson’s ratio. 

3.3.1. Elastic – perfect plastic model 

Usually, in structural analysis an elastic-perfect plastic model is accurate enough to 
model the behaviour of steel structures under monotonic loading. The parameters 
for an elastic-perfect plastic model are E, the elastic modulus, and the fy yielding 
stress. The values used to define the elastic perfect plastic model are presented in 
Table 1 and in the Eurocode 3 [17]. The results of the numerical simulation, using 
the elastic-perfect plastic material model are presented in Figure 5. 
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 Figure 5. Experimental and numerical behaviour curves 

3.3.2. Isotropic hardening model 

When hardening is expected, this material model is very commonly used for metal 
plasticity calculations. The plasticity requires that the material satisfies a uniaxial-
stress plastic-strain relationship. It use Mises yield surface with associated plastic 
flow, which allow for isotropic yield (increase of yield surface). This model is 
useful for cases involving gross plastic straining or for cases where the straining at 
each point is essentially in the same direction in strain space throughout the 
analysis. 
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For this model, the true stress – plastic strain was used to model the plastic material 
behaviour. In Figure 6 are presented the result using the isotropic hardening 
material model. 
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Figure 6. Experimental and numerical behaviour curves 

3.3.3. Kinematic hardening model 

As observed in Figure 6, the accumulation of plastic strain coupled with the 
inability to model the Bauschinger effect, lead to an overestimated of structural 
capacity. In order to solve this, a kinematic hardening model must be implied. 

The true stress – plastic strain was used to model the plastic material behaviour. In 
Figure 7 are presented the results of the numerical simulation obtained using the 
kinematic hardening material model. 
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Figure 7. Experimental and numerical behaviour curves  
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3.3.4. Combined hardening models 

Even if, the maximum load is achieved, the inability to correctly model the 
material hardening, resulted into underestimation of the minimum load. This 
nonlinear isotropic/kinematic hardening material model uses an evolution law that 
consists of two components: (i) a nonlinear kinematic hardening component, which 
describes the translation of the yield surface in stress space through the back-stress, 
and (ii) an isotropic hardening component, which describes the change of the 
equivalent stress defining the size of the yield surface as a function of plastic 
deformation. 

Parametric 

This material model simulates the cyclic strain hardening. In addition to the 
modulus of elasticity (E) and the yield stress (fy), the nonlinear kinematic and 
isotropic hardening components are defined. Cγ is the initial kinematic hardening 
modulus, γ is the rate at which Cγ decreases with cumulative plastic deformation 
εpl. These two parameters can be determined using the uniaxial tensile test and the 
values for Cγ (linear kinematic hardening modulus) and γ were determined using 
the formulas presented below: 

 
pl

yf
C







  (3) 

 


Cff yu   (4) 

In Figure 8 is presented the numerical results obtained using the combined 
parametric hardening material model. 
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 Figure 8. Experimental and numerical behaviour curves 
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Parametric with cyclic hardening 

This material model simulates the cyclic strain hardening. In addition to the 
modulus of elasticity (E) and the yield stress (fy), the nonlinear kinematic and 
isotropic hardening components are defined. Cγ is the initial kinematic hardening 
modulus, γ is the rate at which Cγ decreases with cumulative plastic deformation 
εpl. In addition to simple parametric model describer before, an isotropic hardening 
component can be defined. In Abaqus, this is defined by selecting Cyclic 
Hardening from the Suboptions menu. For this, the following two parameters are 
required: Q∞ – the maximum change in the size of the yield surface and b – the rate 
at which the size of the yield surface changes as plastic deformation develops. 

Since no cyclic data for the material was available, the cyclic plastic behaviour 
parameters were taken from the literature. In Table 2 are presented the values 
considered for each model. It has to be mentioned that all considered aterial 
parameters were determined for carbon-steels materials. 

Table2. Material properties for combined hardening material model 
No. C [MPa] γ Q∞ [MPa] b Reference Results 
1 25500 81 2000 0.26 [12] Figure 11 
2 2500 20 180 20 Unknown Figure 12 
3 6895 25 172 2 [18] Figure 13 
4 500000 50 20000 10 [19] Figure 14 
5 108939 2.5 -250 30 [20] Figure 15 

6 264156 
20973 

873 
1.0 -320 30 [20] Figure 16 

7 16000 43 44 11 [21] Figure 17 
 

In Figure 9 to Figure 15 present the results obtained using the combined parametric 
hardening with cyclic hardening material model. 
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 Figure 9. Experimental and numerical behaviour curves 
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 Figure 10. Experimental and numerical behaviour curves 
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 Figure 11. Experimental and numerical behaviour curves 
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 Figure 12. Experimental and numerical behaviour curves 
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 Figure 13. Experimental and numerical behaviour curves 
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 Figure 14. Experimental and numerical behaviour curves 

-1200.00

-700.00

-200.00

300.00

800.00

1300.00

-100 -50 0 50 100 150 200 250 300 350

To
ta

l F
or

ce
 [k

N
]

Top Displacement [mm]

Test
CombHardCyc-7

 
 Figure 15. Experimental and numerical behaviour curves 
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Half-Cycle 

When limited test data are available, Cγ and γ can be based on the stress-strain data 
obtained from the first half cycle of a unidirectional tension or compression 
experiment. Using this option, Abaqus determines the values of material 
parameters Cγ and γ. The data used for this material model was taken from the 
stress – strain curve obtained for the uniaxial tensile test. This option is suitable to 
be used if a limited number of cycles is performed. It has to be mentioned that only 
the plastic component was considered and that the yielding plateau was ignored 
due to the fact that, during plastic cyclic loading, the yielding plateau disappear. 

In Figure 18 are presented the result using the combined parametric hardening 
defined using the half cyclic material model. 
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 Figure 16. Experimental and numerical behaviour curves 

3.3.5. Discussions 

Considering the behaviour curves presented in Figure 7 – 16 it can be observed that 
a correct definition of material behaviour is of paramount importance when 
considering cyclic loading in steel structures. A simple elastic – perfect plastic 
material behaviour can produce very conservative results, severely underestimating 
the structural capacity (see Figure 5). On the other hand, considering the material 
isotropic hardening (Figure 6) the structural capacity is overestimated, while in 
case of kinematic hardening (Figure 7), the dissipated energy is underestimated.  

Considering a material model that includes a combined isometric/kinematic 
hardening gives a very good approximation of structural behaviour. For this, two 
approaches can be considered, as presented in Figure 8 and Figure 16. It has to be 
underlined the importance of correct determination for all parameters included in 
material definition. 
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As presented in Figure 9 to Figure 15, the use of material parameters calibrated by 
other researchers can give unsatisfactory results for a given structure. 

4. CONCLUDING REMARKS 

Eurocode [17] present four basic types of material behaviour to be used for FE 
analyses. However, no reference is made to cyclic loading and the document do not 
offer information regarding the cyclic behaviour of steel. The use of these material 
models with isotropic and/or kinematic hardening rules alone can give 
unsatisfactory results. Moreover, the use of uniaxial test raw results i.e. engineering 
or true stress-strain data might not be suitable for modelling of cyclically loaded 
structures. 

Even if various formulations are available for modelling the cyclic behaviour of 
ductile steels, the behaviour of specific structures cannot always be modelled by 
using data provided by other researchers. It was shown that using material data that 
was used to calibrate other models, do not give satisfactory results in this particular 
case. It has to be stressed that the numerical model have to be calibrated and 
validated against experimental results before it can be used for numerical 
simulations, sensitivity and parametric studies, etc. 

The author have shown that the uniaxial test data might be sufficient for calibrating 
a cyclic behaviour material model that implies a combined kinematic/isotropic 
hardening. 
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Summary 

In this paper, the behaviour of reinforced concrete beams is estimated with the 
Finite Element Method and improvements to the method are proposed. Because the 
reinforced concrete elements work in conjunction with the material cracking 
behaviour, the behaviour is very complex and depends on the shape of the 
reinforcement, mechanical characteristics of the materials and the intensity of 
loads.  

In general, the Finite Element Method cannot emulate this complex process 
because the connection between elements at the node is fixed and slip behaviour of 
reinforcement is not allowed. For this reason, the results obtained with the Finite 
Element Method do not correctly describe the phenomenon. To address this, the 
authors propose an improvement on the Finite Element Method to eliminate the 
deficiency and describe the process with more accuracy. 

KEYWORDS: concrete, reinforcement, finite element, numerical analysis. 

1. INTRODUCTION 

The numerical analysis is presented in the majority of engineering sciences, from 
aero spatial industry to electronics. Many programs are developed for civil 
engineering and almost all use Finite Element Method. The main goal consist in 
establishing of the structural behaviour under a various types of loads [1]. 

Reinforced concrete is a particularly material in civil engineering because it is a 
double composite material. First concrete is a composite material formed by 
cement and aggregates and with reinforcement is obtained a second-degree 
composite material. From this reason, the behaviour of reinforced concrete element 
is very complex and difficult to describe with simple mathematical relations [2].  
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Mathematical algorithms were developed in civil engineering for composite 
materials and the behaviour of such kind of materials can be numerically 
established [3]. These relations cannot be used for reinforced concrete elements 
because the reinforcement is not scattered on the entire volume of the element and 
is provided only in tensioned zone. This condition makes the analysis process very 
difficult especially when two different materials are combined together.  

First programs that can study the behaviour of reinforced concrete elements was 
applied with limited success. The studies revealed important differences between 
numerical and experimental results as follow:  

a) in numerical analysis the cracking are presented in all tensioned nodes; if 
the mesh is refined to 10 mm, the cracks appear at this distance and the 
correspondence with experimental results is no longer achieved; 

b) in numerical analysis the stresses for the reinforced concrete element 
appear like in a plain concrete one and the tensile stresses are similar in 
and between the cracks; experimental results revealed large differences 
between tensile stresses, according with the crack pattern [4]; 

c) the reinforcement stresses have a continuous development in numerical 
analysis (according with the bending moment diagram) but in the 
experimental tests the reinforcement stresses have a number of relative 
maximum values (according with the crack pattern) [5]. 

In conclusion, the Finite Element Method can be successfully used for steel 
structures but in case of reinforced concrete elements this method can’t provide 
accurate results, mainly due to poor bond implementation [6]. The bond between 
concrete and reinforcement is a very complex phenomenon and a simple 
combination of concrete and reinforcement in meshing process is not enough. 

2. PROPOSED MODEL 

A regular simply supported beam was considered to evaluate the behaviour of 
reinforced concrete elements using the Finite Element Method (Figure 1). The used 
concrete grade is C30/37 and the longitudinal reinforcement is made from steel 
BSt500 class C. Stirrups are provided at the ends of the beam to carry shear but in 
the middle area no stirrups were provided to avoid influences from confining. Steel 
grade 250 are used for transversal reinforcements. 

The test is a classical 4 point test, using two concentrated forces to eliminate the 
shear force effect in the middle part of the element. 
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Figure 1. Making-up of reinforced concrete beam 

To calibrate the Finite Element Method, the real bond between concrete and 
reinforcements must be included in the analytical model, according with the stress-
slip diagram obtained from experimental tests (Figure 2). 

 
Figure 2. Making-up of reinforced concrete beam 

In the Finite Element Method, the influence of the bond between concrete and 
reinforcement must be included. To do this, the external load must be applied in 
individual steps and the numerical model will be adapted according with 
intermediate results. 

The initial loading step will determine the stresses and displacement for the perfect 
bond case with the finite element Equation (1): 

 { ( )} [ ] { ( )}eF t k u t   (1) 
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where {F(t)} is the vector of external forces from the finite element nodes, [k]e is 
the stiffness matrix for the elastic stage and {u(t)} is the nodal displacement vector 

The algorithm will check for crack appearance in all nodes. If a crack appears, the 
bond between concrete and reinforcement must be re-evaluated around the crack 
area. Thus, the stiffness matrix for all of the concrete elements near the crack will 
be modified according with the Equation (2): 

 [ ] [ ] [ ]e dk k k   (2) 

where [k] is the revised stiffness matrix and [k]d is a damaged stiffness matrix. In 
the [k]d matrix, all of the concrete elements located inside of the broken bond area 
will have a reduced stiffness value. All of the finite elements unaffected by cracks 
will have a zero value in the [k]d matrix. 

Next, the new stresses and displacements are established with the Equation (3): 

 { ( )} [ ] { ( )}F t k u t   (3) 

If new cracks appear in this stage, the stiffness matrix will be revised again and the 
process will be repeated until no new cracks appear. Finally, if failure does not 
occur, then external loads can be increased to the next step and the process will 
continue until failure (Figure 3). 

 
Figure 3. Numerical results on RC beam: stresses and crack pattern 

The main problem of the proposed algorithm is the value of the loading step. If the 
loading step is very large, too many cracks appear at the same time and the results 
will be affected by errors.  

To avoid this situation, a satisfactory solution is to diminish the loading step. In 
this case, accurate results will be obtained, but the computation time will increase 
substantially and many small useless steps will be processed. 

The bisection algorithm can also be used to avoid this situation, but the 
convergence of the solution is still achieved quite slowly. Another faster method 
that establishes the optimum loading step and obtains accurate results in less time 
is proposed in [7]. 
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3. EXPERIMENTAL RESULTS 

Checking the accuracy of the proposed numerical algorithm was realised on three 
experimental beams (Figure 4) with characteristics described in Figure 1. The 
beams were equipped with one load cell and six resistive transducers for 
measurement of displacements on bottom side. 

 
Figure 4. Experimental test 

The force-displacement diagram was established for each tested element and the 
final results obtained with numerical analysis and experimental tests are presented 
in Figure 5.  

 
Figure 5. Force-displacement diagram 
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The comparison between numerical and experimental results revealed a good 
approach of the proposed method. The bearing capacity and the maximum 
displacement estimated with numerical analysis are very close to those obtained 
experimentally. 

3. CONCLUSIONS 

The non-elastic behaviour of the concrete and the cracking stage developed in 
service for the reinforced concrete elements impose a new approach of the finite 
element method. Because the regular Finite Element Method cannot describe the 
behaviour of the reinforced concrete structures, a new method was proposed by the 
authors. 

The modified algorithm can be successfully applied to evaluate bond 
characteristics between concrete and reinforcement in reinforced concrete 
elements.  

The main disadvantage of the proposed model is the requirement of a fine mesh. 
Thus, analysis time can increase significantly for large elements and structures. To 
overcome this inconvenient, a coarse mesh can be used to decrease the number of 
elements, but in this case, the results can be affected by bigger errors.  
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Summary 
This paper proposes a manner to verify the concrete samples homogeneity using 
artificial neural networks. This method determines the percentages of different areas 
of component materials visible at top and bottom of a concrete cylinder having 20 
cm diameter and 20 cm height. The materials that have been achieved are rubber 
grains, aggregates and mineral matrix. 

The training of the neural network was realise by using backpropagation algorithm 
and then, in order to separate the regions of interest was used Levenberg-Marquardt 
algorithm. As a neural network input data were used photos having 258 x170 pixels 
resolution achieved both on the both sides of the cylinder. 

 

KEYWORDS: neural network, backpropagation algorithm, Levenberg Marquardt 
algorithm, concrete, rubber, computing percentage 

1.  INTRODUCTION  

Artificial neural networks (ANN) have been used in Civil Engineering since 1989. 
They are applicable in practice as a result of testing older model biological neurons 
and brain activities. Compared with biological support which is largely unknown, 
the operation support of neural networks is specific mathematic having an artificial 
intelligence heuristics. 

ANN phrase suggest that their function is inspired by biological neural networks and 
represent an informational processing device, with advantages / disadvantages 
common with any other device projected by human being for knowing purposes. It 
must avoid any confusion to correct understand of the role and limits of use of neural 
networks, which would create the impression that neural networks can be substitutes 
whenever and wherever a human brain [1]. 

Nowadays, networks application in construction is a very studied because its allow 
solving problems in a limited time and with fewer resources. 

Engineering problem solving involves: 
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• Analysis of the problem, establishing network architecture, data input and 
output thereof. 

• Choosing training algorithm (supervised learning, reinforcement learning and 
self-organizing). 

• Data sets collected for problem sets are divided into training and test sets. 
• Correctness network operations, by introducing input data not contained in the 

training set but the correct answer is known [3]. 

2. PERCENTAGE CALCULATION USING ANN WITH 
BACKPROPAGATION ALGORITHM  

2.1 Introduction in neural networks for classification problem 
In order to build a neural networks are used as input a set of images. For this, there 
are use images that can be taken from the satellite [4] or performed under a 
microscope [5], depending on the issue. The images consist of a number of pixels, 
each pixel of the colour image p being characterized by:  

• a vector with two components, denoted g(p) which contains the geometric 
coordinates of the pixel  

• a three-component vector, c(p) expressing the colour coordinates of the RGB 
cube. 

Using the geometric coordinates we can define the set of pixel Gk, disjoint sets that 
correspond to the regions occupied by the colour ek, k = 1, 2, 3, 4, where: e1 - means 
black, e2 - signifies red, e3 – means green  and e4 - signifies blue. In the RGB cube 
scaled to [0, 1] x [0, 1] x [0, 1] defines the set of colours associated with each element 
ek, k = 1, 2, 3 or 4. 

Consider the set (1)  

 𝐶𝑘 = {𝑈𝑘𝑐(𝑝)|𝑔(𝑝) ∈ 𝐺𝐾} (1) 

Select colour samples representative of the three types of regions and defined sets of 
samples 𝐶1

∗, 𝐶2
∗, 𝐶3

∗ and 𝐶4
∗. They are the best way to get partial information about 

colour sets C1, C2, C3 and C4 which are unknown as concrete values into RGB cube. 
After that, delete identical vectors in each lot of colour. In considered working 
assumption 𝐶1

∗,⊆ 𝐶𝐾, k = 1, 2, 3, 4, sets  𝐶1
∗, 𝐶2

∗, 𝐶3
∗ and 𝐶4

∗ are disjoint. Fulfilment 
of this hypothesis depends on the sharpness of image. 

Its training the neural network with an appropriate architecture to classify colours 
into three classes of sets of samples 𝐶1

∗, 𝐶2
∗, 𝐶3

∗ and 𝐶4
∗. It is used backpropagation 

algorithm for network training, information is processed in the opposite direction 
from output to input of the network. 
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The trained network is used to classify all pixels in the image in three classes, 
corresponding to 𝐶1

∗, 𝐶2
∗, 𝐶3

∗ and 𝐶4
∗. It builds a new digital image that defines four 

regions which estimates ideal areas of interest Gk. 

It uses three colours to represent different regions  𝑮𝟏
∗ , 𝑮𝟐

∗ , 𝑮𝟑
∗  and 𝑮𝟒

∗   expected to 
provide a better view. Estimate ideal regions will get by segmentation of image. 
Separating the region of interest is performed using a neural network trained by 
Levenberg Marquardt algorithm. 

Levenberg-Marquardt algorithm is one of the fastest methods used in practice, it 
ensures numerical solutions in minimization problems of nonlinear functions. The 
algorithm is an interpolation between Gauss-Newton algorithm and the method 
of gradient descent. 

It brings improvements Newton's method through an approximation of the Hessian 
with a singular and symmetrical matrix (2) 

 [∇2𝜀(𝑤) + 𝜗𝐼] (2) 

where: 

𝜗= positive parameter that provides rapid convergence of the algorithm   

I= the identity matrix  

Ε(w) = cost function 

Finally, measure the area of estimated regions 𝐺1
∗, 𝐺2

∗, 𝐺3
∗ and 𝐺4

∗ and calculate the 
percentage held by each [6]. 

2.2. Case Study  
It is considered as test sample a cylinder having 10 cm diameter and 20 cm height. 
The materials used to manufacture the test sample was rubber grains, aggregate and 
mineral matrix. 

The rubber grains was obtained by recycling the used tires through a grinding 
process. The size of the aggregates are 0 - 4 mm and 4 – 8 mm and type of cement 
used is C30/37. For better workability of the composition were used SIKA 20HE 
additives. Reinforced concrete with recycled rubber mixes includes a 30% rubber. 

After casting composition in a cylindrical shape, a vibrating procedure was achieved 
in order to eliminate the air from concrete sample and also to ensure uniformity, to 
increase the strength and eliminate segregation. It was obtained through vibration on 
concrete`s shaking table. 

A neural network was designed in order to determine the percentage of the mineral 
matrix’s area, aggregate and rubber on both sides of the element. 

 

https://en.wikipedia.org/wiki/Gauss%E2%80%93Newton_algorithm
https://en.wikipedia.org/wiki/Gradient_descent
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Figure 1. Cylinders made of concrete and rubber  

To obtain the rates matrix, rubber and aggregate following steps: 

1. Enter the initial image in neural network ( figure 1.a, figure 6); 

2. Select in image the following regions: black for rubber, red for aggregate, 
green for cement and blue for background; 

3. The network generates a new image with that 4 chosen colours (figure 2.7); 

4. Choose the colour samples of image representative regions;  

5. Placing colours in sample sets 𝐶1
∗, 𝐶2

∗, 𝐶3
∗ and 𝐶4

∗ in RGB cube, scaled to [0, 
1] x [0, 1] x [0, 1] (figure 3) 

6. The network generates as output data that the regions of interest (Figure 4). 

        
Figure 1. Initial image (upperside) Figure 2. The image segmented in 4 colors 
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7. Train the network using multiple neurons and a large number of periods 
(figure 5 a, b, c, d, e and figure 10 a, b, c, d, e). 

8. Using a program developed in MATLAB [2] to determine all the 
percentages of areas of interest, a program that has as main parameters 
resulting matrix as output date and number of colours (table 1, 2). 

The following are the results generated by neural networks for studied cylinder. 

               

Figure 3. Placing colours in the cube RGB  Figure 4. Output networks with the training set 

                  
Figure 5.a. 20 neurons 20, 10 epochs            Figure 5.b. 20 neurons 20, 100 epochs 

Table 1. Determining the percentage of material in various cases of training of neural 
network on the upperside of the cylinder 

Number of 
neurons 

No. of 
training 
epochs 

Rubber 
(%) 

Aggregate 
(%) 

Matrix 
(%) 

No of. 
figure 

10 10 54.45 1.89 43.57 2 
20 10 33.4593 13.8812 52.6595 5.a 
20 100 33.0249 14.3236 52.6515 5.b 
25 250 41.1319 14.3236 52.6515 5.c 
30 1000 40.8866 4.7264 52.6515 5.d 
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Figure 5.c. 25 neurons, 250 epochs  Figure 5.d. 30 neurons, 1000 epochs  

        
Figure 6. Initial image (underside)  Figure 7. The image segmented in 4 colors 

    
Figure 8. Placing colours in the cube RGB  Figure 9. Output networks with the  

training set 

 



“Computational Civil Engineering 2015”, International Symposium 161 
 

Table 2. Determining the percentage of material in various cases of training of neural 
network on the underside of the cylinder 

Number of 
neurons 

No. of training 
epochs 

Rubber 
(%) 

Aggregate 
(%) 

Matrix 
(%) 

No of. 
figure 

10 10 31.1863 0.9878 67.82589 7 
20 10 29.245 0.9882 69.7668 10.a 
20 100 28.0683 0.9768 70.9549 10.b 
25 100 27.487 3.8728 68.6402 10.c 
30 1000 28.5572 4.1619 67.2809 10.d 

     
Figure 10.a 10 neurons, 10 epochs  Figure 10.b. 20 neurons, 100 epochs 

  
Figure 10.c. 25 neurons, 100 epochs Figure 10.d. 30 neurons 30, 1000 epochs 

3. CONCLUSIONS 

After the network training with a number of neurons that varies between 10 to 30 
and 10 to 1,000 iterations were obtained different percentages of component 
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materials. For the upperside of the cylinder, neural network with 30 neurons and 
1000 iterations generated a percentage of 40.8866% rubber, 4.7264% aggregate and 
52.6515% matrix. 

To the underside of the cylinder network with the same number of neurons and 
iterations like upperside generated the results: 28.5572% rubber, 4.1619% aggregate 
and 67.2809% matrix. 

The percentage is different between the both sides, 12.3294% for rubber, 0.5645% 
for aggregate and 14.6294% for matrix. 

So, on the upperside is about 12% more rubber than underside. The cause of these 
differences in percentages between the two sides is caused by the improper vibration 
procedure. 

Vibration for a longer period of time than that provided led to the creation of a less 
homogeneous concrete, the rubber is present in a greater amount on the upperside. 
Theoretically vibration range is 5-30 seconds. 

In practice, regarding this period must be taken into account the following factors: 
the thickness layer of vibrated materials, concrete consistency and performance of 
vibrating device. Although vibration was terminated when the element surface 
became horizontal, without air bubbles and when the grout has appeared on the 
surface, and it wasn’t taken into account the thickness of layer to vibrate. 

Uniformity is an important parameter for increasing the element’s strength. 
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Summary 

Due to climate changes of the last years, in Europe, there is a tendency of using 
ecological materials in building constructions. Therefore, timber structures 
represent a very good solution in reducing the negative environment impacts. 

The Platform Framing structural system offers the possibility of constructing new 
multi-storey buildings. In order to increase the quality of execution and to reduce 
the time of constructing the building, it can be used prefabricated wood panels as 
structural walls. 

This paper presents a numerical analysis of a multi-storey Platform Framing 
timber structure by using finite element method. The structure consisting of 
prefabricated panels is located in Iaşi City and it has 3 levels: Ground floor Level 
+ 2 Levels. The numerical analysis of the structure was done by using the 
commercial structural program Axis VM 12. 

KEYWORDS: timber, platform framing, prefabricated panels, Finite Element 
Method, Axis VM 12. 

1. INTRODUCTION 

Climate changes are already happening and their effects becoming more and more 
obvious. The humanity efforts to reduce them have resulted in a set of principles of 
sustainable development, which aims to put the society on a trajectory required to 
maintain a favourable climate for life on Earth. In addition to social and political 
components of these principles, the environmental component is also very 
important [1-2]. 

The latest norms from environmental and construction sector reduced both the 
amount of energy consumed during operation of the building and the one 
embedded in them. Therefore, in recent years, timber structures were imposed, the 
energy embedded in this material being inferior to the one embodied in the 
materials of classic structures, like concrete, metal or masonry [3]. The structure of 
the building is cover in various materials to meet the essential performance 
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requirements. To this purpose, the most often are used thermal and acoustic 
insulations made from mineral wool [4], but recently began to use low embedded 
energy materials as straw bales, cellulose, sheep wool insulation and hemp or flax 
insulation. Also, it is desired that the buildings to be more economical from the 
point of view of material consumption and also to have a cost as low as possible 
[5]. 

In order to fulfils these requirements, the best solution can be the timber framing 
structures. This system can be classified in two different structures: Balloon 
Framing and Platform Framing. The main advantages of this system when 
comparing with other systems made of reinforced concrete or masonry are the 
following [6]: 

• 30 % cost reduction; 
• fast and not season dependent execution; 
• reduced weight; 
• good seismic behaviour; 
• height thermal comfort; 
• ecological, with a positive environment impact. 

The proposed building for the case study is a Platform Framing system. This 
system offers the possibility of constructing multi-storey buildings. The 
recommended maximum height regime for constructions located in seismic areas 
with peak ground accelerations values greater than 0.15 g is 7.00 m. The height is 
considered from the ±0.00 level of the building to the cornice (eaves). It can be 
allowed buildings with regime height greater than 10.00 m, but it is necessary that 
the structural capacity to be evaluated on 1/1, 1/2 or 1/4 scale models [7]. 

So, the paper presents the study of the structural behaviour of a multi-storey 
Platform Framing building, located in Iaşi City (ag = 0.25 g), having a height 
regime G + 2 L (8.40 m). The building’s layout is 18.60 m by 10.80 m. The 
analysis is performed on a 3D model, represented in Axis VM 12, with the scale of 
1/1. 

2. CASE STUDY 

2.1. Description of the structural system 

The Platform Framing structural system is specific for one-family houses. This 
structural system consists of structural walls (vertical and horizontal load-bearing 
elements), bearing walls (carrying only vertical loads), light frames (also carrying 
only vertical loads) and of rigid floors and roof, which have the role of transmitting 
the vertical and horizontal loads to the structural walls. Within this paper a 
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different approach was proposed, because the structure is a multi-family building, 
it was proposed that all the walls to be structural walls. In order to increase the 
quality of execution and to considerably decrease the time for erecting the building, 
prefabricated structural panels were used. The connection of the panels to the 
foundation is done by using anchors: bolt type anchors for shear connections and 
hold-down anchors for moment connections. The connection of the panels to the 
slabs is done by using straps and hold-down anchors [6]. 

The structure of the prefabricated panel is presented in Figure 1. 

 
Figure 1. The structure of a prefabricated panel (insulation, breather membrane,  

etc. not shown) [8] 

The studs of the prefabricated panel are placed at 600 mm (between the axes) and 
are made of fir, timber class C24. The exterior walls consist of 50 x 250 mm studs 
and they are boarded on the exterior face with 18 mm thick Oriented Strand Boards 
(OSB) which have a stiffening role. The interior walls consist of 50 x 200 mm 
studs and are boarded on both faces with 18 mm thick OSB elements. The OSB 
elements are nailed to the studs and to the blocking of the prefabricated panel. 

The framing type slab (Figure 2) consists of timber joists of C24 class with the 
cross-section of 50 x 250 mm. On top of the slab, sheathings of 22 mm thick OSB 
elements are provided. The OSB elements are nailed to the joists and to the 
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blocking. This structure of the slab provides a diaphragm effect with respect to the 
lateral stiffness of the vertical elements. 

 
Figure 2. The structure of the framing type slab [9] 

The framing type roof is a terrace and it is made by timber joists of C24 class, with 
the cross-section of 50 x 250 mm, covered with 44 mm thick OSB elements. 

For thermal and acoustical isolation, straw bales were used for the exterior walls 
and the mineral wool is used for the interior walls and for the slabs. 

Several hypotheses were used in order to define the structural model for the 
numerical analysis: 

• the studs of the prefabricated panel were modelled using rib finite elements 
• the structural OSB elements were modelled with shell elements; 
• the connection between the studs and the structural board is rigid connection; 
• the connection between the panels and the foundation is a rigid connection; 
• the connection between the panels is continuous and assures both vertical and 

horizontal continuity of the walls; 
• the slabs and the roof provide a diaphragm effect. 

The loads acting on the structure are computed according to the norms for the 
specific site location (Iaşi City, Romania). After establishing the hypotheses and 
the load combinations, the structure will be meshed using a triangular finite 
element type (Figure 3). 
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Figure 3. The mesh of the structure with triangular shell  

2.2. Analysis results and discussion 

From the modal analysis the next results can be observed (Table 1): 

Table 1. Modal Analysis Results 

Natural modes of vibration Period 
[s] 

Frequency 
[Hz] 

Mode 1 of vibration 0.178 5.63 
Mode 2 of vibration 0.157 6.38 
Mode 3 of vibration 0.156 6.40 

 

The first mode of vibration is a translation on X direction, the second mode is a 
translation on Y direction and the third one is torsion about Z axis. 

After running the modal analysis, the seismic action can be computed according to 
P100-1/2013 for the site location (Iaşi City). 

The main results obtained from static linear analysis are presented below. These 
results were used to design the structure. 
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Figure 4. Maximum values of displacements on X direction 

 
Figure 5. Maximum values of displacements on Y direction 

The inter-storey drift check is done according to P100-1/2013, Annex E: 

 SLS
arre

SLS
r ddqvd ,  (1) 

where: 
SLS
rd is the inter-storey drift under the seismic action associated with SLS; 

red is the inter-storey drift, computed by elastic analysis under seismic design 
actions; v  is the reduction factor accounting for the reduced recurrence interval of 
the seismic action associated with the SLS checks (v = 0,5); q is the behaviour 
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factor depending on the type of structure used for computing the seismic design 

forces 
SLS

ard , is the admissible inter-storey drift. 

Table 2. Inter-storey drift checks, X direction 

Storey 
SLS
rd   

[mm] 

SLS
ard ,   

[mm] 

SLS
ar

SLS
r dd ,   

[mm] 
Ground  10.4 21 OK 
Level 1 10.9 21 OK 
Level 2 8.9 21 OK 

Table 3. Inter-storey drift checks, Y direction 

Storey 
SLS
rd   

[mm] 

SLS
ard ,   

[mm] 

SLS
ar

SLS
r dd ,   

[mm] 
Ground 8.9 21 OK 
Level 1 9.2 21 OK 
Level 2 7.4 21 OK 

3. CONCLUSIONS 

In this paper, it was numerically analysed the behaviour of a Platform Framing 
timber structure consisting of prefabricated panels, located in Iaşi City, having a 
regime height greater than the maximum recommended one. 

The displacement results obtained from the numerical FEM analysis were checked 
according to P100-1/2013 [7]. It was concluded that the maximum value of the 
inter-storey drift is smaller than the admissible one. 
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Abstract 

 Romania is the only country in the world that has a large patrimony of wooden 
churches. These churches are historic monuments. Over the years, these buildings 
have been subjected to many actions that led to a degradation of structural 
elements and also to the degradation of joints between structural elements. 
Carving joints are predominant for this type of buildings. For the rehabilitation of 
this type of joints it is necessary to restore them and implicitly to know their 
behaviour and failure modes.  

The article presents the evaluation of wood carving joints with simple threshold 
using analytical calculation and numerical modelling.  

Keywords: carving joints, rehabilitation, analytical calculation, finite element. 

1. INTRODUCTION 

The wood is used from ancient times to the construction of bridges, houses, 
churches and many other applications in civil, industrial and agricultural structures. 
Wood can be easily used for resistance structures of tall buildings, over 7 or 8 
floors, even 10 floors (ex. Residential building in Melbourne, Australia). In the 
future, large projects with buildings made of wood with 18 levels in hybrid system 
will be implemented.  

In Romania an important activity is the restoration of numerous churches and 
residential buildings declared historical monuments, where wood is used as 
building material for the resistance structure. In Maramures County there are 93 
wooden churches declared historic monuments. Eight of them were chosen to be 
part of UNESCO World Heritage, [5]. Some of these are: church "Sfantul Nicolae" 
from Budesti-Josani (year of construction: 1643), Figure 1, [6], church "Cuvioasa 
Parascheva" from Desesti (year of construction: 1717), Figure 2, [7], church 
"Sfanta Maria" from Ieud-Deal (year of construction: 1364), Figure 3, [8], church 
"Cuvioasa Parascheva" from Poienile Iezei (year of construction: 1602), Figure 4, 
[9]. 



172                 A. Leizeriuc, D. Isopescu, I. Zăpodeanu 

  
Figure 1. Church "Sfantul Nicolae"  from 

Budesti-Josani 
Figure 2. Church "Cuvioasa Parascheva" 

from Desesti 

  
Figure 3. Church "Sfanta Maria" from 

Ieud-Deal 
Figure 4. Church "Cuvioasa Parascheva" 

from Poienile Iezei 

Wooden buildings declared historical monuments can be made entirely of the wood 
elements (columns, beams, rafters, ridge, props etc.) or with only the roof structure 
made of the wood. These constructions are characterized by wooden joints 
technique, and by achieving shingled roof, ornamental motifs visible on the surface 
portals and frames made by chiselling or notching, Figure 5. 

  

Figure 5. Wooden parts of church monuments 
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Wooden churches represent the spiritual roots of Romania. Preserving them 
requires, in most cases, trans-disciplinary knowledge that combines tradition 
expressed by sustainability, and a combination of advanced methods of calculation. 

2. CARVING JOINTS TO WOOD CONSTRUCTIONS 

2.1. Wood as a building material 

Due to its properties as a building material and the possibilities of supplying and 
ease of processing, wood was in the past, the most utilized building material. Due 
to its multiple technical and constructive advantages, the wood is, and it has been, 
one of the traditional construction materials. The constructions of wooden 
structural frame are based on an advanced design technique which gives them 
certain advantages in terms of structural strength, human comfort and energy 
savings. Wood is durable over time with exceptional strength, and this is shown by 
the buildings from around the world, [10]. The main qualities of wood as a building 
material are: 

• Low characteristic density, 3.6 times less than steel.  
• Quite high mechanical resistance in tensile and compression, parallel to the 

fibers (grains), and for transverse loads which produce bending. 
• Coefficient of thermal expansion along the fibers is very small and, 

consequently, wooden structures do not require expansion joints. 
• Dry wood has a low thermal conductivity coefficient, [1]. 

2.2. Wood carving joints 
The elements of a wood structure, (pillars, beams, rafters, props etc.) are connected 
together to form the structural frame. The joints may be of the following types: 
wood carving joints, joints with metal connectors, mechanically dowelled fasteners 
joints, or joints with adhesives. One type of joint, commonly used in old buildings, 
is the wood carving joint. Wood carving joints are found in most roof structures of 
the buildings made in 16-19 centuries. Over the years these buildings were 
subjected to numerous actions: service loads, wind, snow, earthquake, and they 
produced damages to structural elements and also degradation of the joints between 
structural elements. In many cases, it is necessary to strengthen the structure. 
Rehabilitation of wooden buildings declared as monuments must keep the same 
architecture and technology of execution so that significant values for history and 
culture of national civilization should not be altered. In strengthening of wooden 
constructions special problems occur in achieving specific traditional joints–
carving, which are no longer found in modern manufacturing technologies, and 
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thus, in the technical regulations calculus. Restoring this type of connections 
require a deep analysis for sizing and load bearing capacities. Therefore it is actual 
the understanding and knowledge of these specific types of joints for old wooden 
buildings. Wood carving joints are the joints where the stress is directly transmitted 
from one element to another, without the use of intermediate connectors. The metal 
devices used in these joints (bolts, clamps, yokes etc.) play only a secondary role, 
preventing relative movement of the connected elements under the action of 
unforeseen loads calculations, either during installation or during operation. 

3. MODELS FOR EVALUATING BEARING CAPACITY OF 
CARVING JOINTS WITH SIMPLE THRESHOLD AND 
ORTHOGONAL CUTTING 

3.1 Description of the connection type  

Simple threshold joints (Figure 6) are used in timber constructions, especially for 
joints of timber framed roof structures. In order to achieve an acceptable behaviour 
in service, for carving joints with simple threshold and orthogonal cutting, certain 
conditions are imposed, namely:  

•  If the cutting is made at end nodes, in order not to weaken the piece,  the 
depth of  the cut - hc, should not exceed one third of the height - h  of the 
element (for rectangular cross-section of wood elements) or one third of the 
diameter - d, (for round cross-section of wood elements); 

• If the cutting is made at intermediate nodes, in order not to weaken piece, 
depth of cut - hc, should not exceed one  quarter of the height - h,  of cutting 
element (for rectangular cross-section of wood elements) or one  quarter of 
the diameter - d, (for round cross-section of wood elements); 

• In all cases, hc, must be at least 2 cm for rectangular cross-sections and 3 cm 
for round cross-sections; 

• To avoid the cracking development due to shrinkage, the length of the shear 
plane, Lf, must be greater than twice the height - h, of the  element and at least 
equal to ten times the depth of  the cut - hc; 

• For a better connection, the elements (during assembly, transportation and 
installation) are connected together by a bolt that also acts as a safety element. 

• To create a bearing surface for the washer bolt tight, in order not to make 
another cut in the beam, under the beam is installed an additional support 
which increases the load capacity of joints, [2]. 
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Figure 6. Carving joints with simple threshold and orthogonal cutting. Diagrams of normal 

stress distribution. 

In Figure 6 it is seen how the crushing of the contact surfaces of the two elements 
takes place under the same angle (combination of equal resistance) and the  axial 
force Nc  of the compressed top beam (top chord of wooden truss) is taken both by 
surface 1-2 and by 1-3 also. 

Figure 7 shows that the flow lines of stresses are developed in a single direction 
(linear stress development).  

 
Figure 7. Isostatic flow stress lines for carving joints with simple threshold and orthogonal 

cutting 

This represents an advantage compared to other types of connections where the 
flow lines of stresses are developed in two directions (plan stress development as in 
lateral carving joints or joints with spigots). 

3.2 Analytical models to assess the load carrying capacity of carving joints 
with simple threshold and orthogonal cutting with limit states method 

Carving joints with simple threshold and orthogonal cutting may lose load carrying 
capacity when one of the following limit states occurs:  
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1. Compression to an angle of the threshold  
2. Development of slipping plan due to the shear stresses in the threshold 
3. Failure of the bottom chord due to tensile stresses 

Load carrying capacity of the joint is analytically determined according to 
European standard EN 1995-1 / 2004, [4]. 

3.2.1. Evaluation of load carrying capacity in compression 

The strength condition is shown in equation 1: 

 , ,cs c c d sN N cos m f A    (1) 

Where:  
• Ns   is the compression force acting to an angle; 
• Nc   is the compression force 
• mc  is the factor for compression; 
• As  is the compression surface, calculated with the following relationship: 

 c
s

bhA
cos

   (2) 

• , ,c df   is the design resistance to compression to an angle α, determined 
according to the next relationship: 
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where: 

Cri is the design tensile stress along the grain 

Qri is the design tensile stress perpendicular to the grain 

mTC is the factor for tension; 

kmod,c is the modification factor for duration of load and moisture content 

fc,0,d is the design compressive strength along the grain 

fc,90,d is the design compressive strength perpendicular to the grain 

fc,0,k is the characteristic compressive strength along the grain 
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fc,90,k is the characteristic compressive strength perpendicular to grain; 
M  is the Partial factor for material properties, also accounting for model 

uncertainties and dimensional variations. 

3.2.2. Evaluation of load carrying capacity in shear  

The strength condition is shown in equation 6: 

 ,s f v d fN m f A   (6) 

where:  
• Ns   is the compression force acting to an angle; 
• mf  is the shear coefficient for working conditions; 
• Af  is the shear surface,   f fA bL ; 
• ,v df  is the design shear resistance. 

The distribution of the shear stresses is shown in Figure 8. 

 
Figure 8. Diagrams of shear stresses in the shear plan 

3.2.3. Evaluation of load carrying capacity in tension  

• If the tensile force passes through the centroid of the net cross-section: 

 ,0,T t t d nN m f A   (7) 
• If the tensile force doesn't pass through the centroid of the net cross-section: 

 
,0, ,

 1T tT

t n t d m m d n

N eN
m A f m f W

    (8) 

where:  
• NT   is the tensile force; 
• An  is the net area; 
• ,0,t df  is the design tensile resistance; 

Lf 

hc NT 

NC 

hnet 
h 
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• ,m df  is the design bending resistance; 
• mt is the factor for tension; 
• mm is the factor for bending; 
• Wn is the elastic section modulus. 
• et is the offset distance of the load relative to the vertical portion of the 

element 

3.3 Finite element numerical models for studying the behaviour of carving 
joints with simple threshold 

The finite element analysis (FEA) has been made using the software program 
ANSYS-12. The models for the carving joint were developed in two situations: 

• Case A: the two wooden bars of the carving joint have been defined as two 
distinct solid bodies, Figure 9; 

• Case B: the two wooden bars of the carving joint have been defined as one 
solid body, Figure10. 

 
Figure 9. Case A, the two wooden bars of the carving joint with a contact area 

 
Figure 10. Case B, the two wooden bars of the carving joint defined as one solid body 
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4. STUDY CASE FOR THE ASSESSMENT OF THE LOAD 
CARRYING CAPACITY OF CARVING JOINTS WITH SIMPLE 
THRESHOLD AND ORTHOGONAL CUTTING 

The study case presents the assessment of the carrying capacity of a carving joint 
from a roof truss made of wood elements, with the geometric scheme presented in 
Figure 11, having the following data: 

• The span of the truss: 10.50 meters 
• The height of the truss: 3.00 meters 
• The truss bay: 3.00 meters 

 
Figure 11. Geometric scheme of the wooden truss  

The building is located in Iasi. According to the design code CR1-1-3-2012, “Snow 
action assessment for buildings”, [3], characteristic values of snow load on the 
ground is sk = 2.5 kN/m2, [3].  

The structure is subject to the following loads:  the dead load (roofing self-weight, 
and the weight of insulation, bracing, roof deck, etc.) and the snow load. It's 
analysed the end joint where the connection is made by carving joints as shown in 
Figure 6.  

The beams connected in the joint are defined: 1-2 for the upper beam (top chord) 
and 1-3 for the lower beam (bottom chord). First, an analytical study has been 
performed.  

Table 1 shows the values of the internal forces and the normal stresses. These 
values were determined by analytical calculation, for the previously considered 
loading scenario. 

Table 1. The internal forces and the normal stresses 

Beam Cross section 
(mm x  mm) 

Axial forces 
(N) 

Normal 
stresses  
(MPa) 

Compression 
stresses to an angle  

(MPa) 
1-2 100x100 -94000 -9.4 -18.8 1-3 200x100 87000 11.6 

1 

2 

3 
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The stresses obtained from analytical calculation are compared with the results 
provided by the finite element analysis performed with ANSYS-12 software. The 
results obtained for 3D models using the finite element analysis are presented in 
Figure 12 and Figure 13 for case A. For the analysis of case B the results are shown 
in Figure 14 and Figure 15. 

 
Figure 12. Normal stresses diagram for case A – FEA model 

 
Figure 13. Shear stresses diagram for case A – FEA model 

 
Figure 14. Normal stresses diagram for case B – FEA model 
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Figure 15. Shear stresses diagram for case B – FEA model 

The resulted values from the finite element analyses, for the 3D models, are shown 
in Table 2. 

Table2. Normal stresses and shear stresses for the modelled cases 

Case 
Maximum tensile 

stresses 
(MPa) 

Maximum  
compression stresses 

(MPa) 

Maximum  shear 
stresses 
(MPa) 

Case A 15.673 -32.082 25.558 

Case B 22.013 -16.917 23.398 

The results, obtained in FEM - case B, approached the analytical values, 
highlighting that the analytical model is based on the hypothesis of structural 
continuity between wood elements in carving joints. 

In reality, the existence of imperfections in execution causes some gaps between 
the two wood elements, leading to the idea that FEM - case A is the model that 
could define the behaviour of the connection under loads, and also defines the 
development of stresses in the wood elements. 

5. CONCLUSIONS 

The carving joints are less used these days because they have disadvantages that 
influence choosing this type of joints. The joint technology reduces the section of 
elements, so it reduces the load carrying capacity of the element. The technology of 
fabrication is quite difficult, and it is time consuming and requires qualified 
workers.  
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Nowadays, there are many situations when the rehabilitation of joints  is needed in 
buildings such as the historical monuments; therefore it is necessary, in order to 
strengthen them, to know how to evaluate rapidly the behaviour of structural 
elements and their joints for a correct sizing and for the  strength checking. 

The aim of the study was to present a comparative study case between the results 
of the analytical model and the finite element modelling cases for the evaluation of 
the carving joint with simple threshold. The comparative analysis of the obtained 
results highlights the following issues: 

•  The finite element modelling (FEM) of carving joints is possible. 

•  The fields of stresses obtained by FEM meet the isostatic flow lines of 
stresses for carving joints defined in classical theory for the assessment 
behaviour under loading conditions. 

• Future research is required for refining the grid for FEA models and to 
validate the proper finite element model by experimental testing of the 
carving joints. 
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Summary 
The frame structures with eccentrically braced frames (EBF) are used world-wide 
and represent the alternative to the concentrically braced frames (CBF). The 
dissipative elements of eccentrically braced frames are characterized by the 
forming of plastic hinges, situated at the extremities of frame elements, preferably 
in the beams, and only at limit states in columns. The strength and ductility of EBF 
is directly related to the strength and ductility of the links. The seismic energy is 
dissipated by means of elasto-plastic shear cycles (for the short link), bending 
cycles (for the long link) and shear and bending cycles (for the intermediate link). 

This paper presents numerical studies with the objective to investigate the 
behaviour of 2D steel and composite eccentrically braced frames under seismic 
loading with active links which yield in bending, 

KEYWORDS: plastic hinges, dissipative zones, composite sections, numerical 
analysis, eccentrically braced frames 

1. INTRODUCTION 

Steel and composite eccentrically braced frames (EBFs) are a very efficient type of 
structures for structural seismic response. The EBFs combine the advantages of 
both MRF (moment resistant frames) and CBF (concentrically braced frames), the 
ductility as the characteristic of moment resisting frames with the lateral stiffness 
associated with concentrically braced frames. [1] 

In case of EBF’s with composite beams, the current practice recommends a 
complete detachment between steel beam and concrete slab in the dissipative 
zones. The lack of connection between the concrete slab and the steel beam in 
dissipative areas does not lead to a behaviour similar with a pure steel beam. The 
presence of the reinforced concrete slab has an important influence on development 
of plastic hinges in beams.  [2] 

For a comparative analysis between the behaviour of eccentrically braced frames 
with steel sections and the ones with composite sections (without connection in 
dissipative zones), when are subjected to seismic loads, a series of nonlinear static 
analyses (pushover analyses) were carried out for both types of structures. The 

http://www.ce.berkeley.edu/~mahin/E-Defense_Steel/CBF%20Group.pdf
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design has been performed according to N2 method provided by SR EN 1998. The 
structures were modelled as 2D frames with 6 stories. The software SAP2000 was 
used to create the numerical model. 

2. DESCRIPTION OF PUSHOVER AND N2 METHOD 

The nonlinear static analysis (pushover) is a method used to evaluate the post-
elastic capacity of structures. This type of analysis assumes incrementally imposed 
displacements up to the development of plastic hinges. As the displacements 
continue to increase, plastic hinges will be progressively developed until a failure 
mechanism will be reached (global or local). The recording of horizontal forces 
and top displacement of structure generate a graphic called capacity curve of 
structure or pushover curve. This curve is not associated with any earthquake, 
being a characteristic of structure. The capacity curve highlights different 
characteristic bending moments from post-elastic behaviour of structure and 
provides information about the resistance and ductility of structure.  [3] 

The N2 method implies determination of target displacement using a nonlinear 
static analysis. The procedure involves obtaining the base shear force – 
displacement capacity curve, with the characteristic points marked representing the 
requirements for displacement according to limit states. The requirements are 
determined by displacement spectra for inelastic seismic response. General safety 
condition is:  demands ≤ capacity.  [4] 

3. MODELING PARAMETERS FOR THE STRUCTURES 

The analyzed structure was located in Bucharest, characterized by the following 
features: 

- Ground acceleration ag=0,30g; 
- Control period of design spectrum: Tc= 1,6s; 
- Design snow load: S0,k=2,00kN/m2 
- Design live load: Q=3,0kN/m2. 
- Design dead load: G=4,5kN/m2. 

The structural behaviour factor q = 6,0, which represents the energy dissipation 
capacity of structure is taken from Tab. 6.3 (P100-2013) for a high seismicity area 
(H): q = 5αu/α1, where αu/α1 =1,2 for EBF. 

The reinforced concrete slab (C25/30, Ø12/15 - PC52) was modelled with steel 
multi-layered non-linear type of elements, which can be modelled the concrete in 
the slab, but also the reinforcement. For both materials a nonlinear behaviour has 
been defined. 
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Finer mesh was used in the potential plastic zones, where development of plastic 
hinges is expected. The type of mesh chosen for slab influences the result regarding 
the needed forces for development of plastic hinges. Different ways of meshing 
were studied until the optimum one, both in terms of results and analysis time. 

The connection between the concrete slab and steel beam was modeled using link 
elements – available in software SAP2000. It has been chosen a version with fixed 
links, where the connection of concrete slab and steel beam is in centroid. 

 
Fig. 1 Modelling of the composite beam – SAP2000 [3] 

A distance of 30 cm between links was chosen taking into consideration different 
ways for layout of the links. A lower distance would increase the time for analysis, 
without difference in results. 

Initial design was made with modal spectrum analysis (P100-2013), after which 
nonlinear static analyses – pushovers were performed, in order to evaluate the 
development of plastic hinges in dissipative zones and the capacity curve. 

Two type EBF structures were analyzed: steel structure (S_4) and composite 
structure (C_4). 

                       
Fig. 2 EBF_S_6 (left) and   EBF_C_6 (right) 
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Table 1 Description of the structures P+6E 
Type Central 

columns 
Marginal 
columns 

Braces Beams EBF 
beam 

Type of 
EBF beam 

EBF_S_6 HEB400 HEB240 HEB340 
HEB280 

IPE400 HEB360 
HEB340 
HEB280 

Steel 

EBF_C_4 HEB400 HEB240 HEB340 
HEB280 

IPE400 HEB320 
HEB280 

composite 

For the steel structure – EBF_S_6, the beams of the frame are as follows: HEB360 
for the first three levels, HEB340 for levels 4, 5, 6, and HEB280 respectively for 
the last level. 

For EBF_C_6, after performing the push-over analysis using the same sections as 
for steel structure EBF_S_6, in which was added the contribution of concrete slab, 
yield mechanism is formed in columns and braces at first level of the central frame. 
For this reason, the assure the formation of plastic hinges in the dissipative zones 
(links) it was necessary a reduction of composite section to HEB320 (exception - 
beam from the last level, which remain HEB280). 

After performing the push-over analysis, the base shear force – displacement 
capacity curve (global force – top displacement) was obtained. From capacity 
curves the target displacements have been determined for both structures. 

Next the results obtained in pushover analysis, the results for N2 method and the 
local and global checking for this method are presented. 

The target displacements for both types of structures (with steel beam and 
composite beam) were determined for the following limit states: 

- Serviceability limit state ( SLS); 
- Ultimate limit state (ULS); 
- Collapse prevention limit state (CPLS).  

4. RESULTS OF THE PUSHOVER ANALYSIS 

The obtained target displacement values for structures with steel beam are: 12,9 cm 
for SLS, 28,5 cm for ULS, respectively 46,0 cm for CPLS.  

For the frame with composite beams are: 7,99 cm for SLS, 18,3 cm for ULS, 
respectively 32,1 cm for CPLS.  

The obtained values are presented in the following graphics: 
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Fig. 3Target displacements SLS – EBF_S_6 left, EBF_C_6 right 

       
Fig. 4 Target displacements ULS – EBF_S_6 left, EBF_C_6 right 

        
Fig. 5 Target displacements CPLS – EBF_S_6 left, EBF_C_6 right 

From the graphics presented above it can be observed that the requirements for 
target displacements are higher for steel frames than for composite frames (12.9 cm 
vs, 7.99 cm for SLS, 28.5 cm vs. 18.3 cm for ULS, respectively 46 cm vs. 32.1 cm 
for CPLS) 

The curves obtained from numerical analysis are shown in the next figure. 
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(a) 

 
(b) 

Fig. 6 Capacity curves for EBF_S_6 (a) and EBF_C_6 (b) 

From these two force-displacement curves it can be observed that the contribution 
of concrete slab in case of EBF_C_6 is significant even if the dissipative zones are 
not provided with shear connectors. The maximum value of the force exceeds the 
value of 2900 kN for a 38 cm displacement compared with the steel frames, where 
the maximum value for the force is 2000 kN and the ultimate displacement is 
approx. 48 cm. 

The following table presents the development of plastic hinges in the link .It was 
taken into consideration the following characteristic moments: development of first 
plastic hinge, the displacement for ultimate limit state (ULS) and the formation of 
failure mechanism. 
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Table 2 Development of plastic hinges 

 Development of first 
PH ULS Collapse 

EB
F_

S_
6 

 
DE=12.9 cm= DTSLS DULS=28.5 cm 

 
DU=48.9 cm> DTCPLS 

EB
F_

C_
6 

 
DE=9.1 cm > DTSLS 

 
DULS=18.3 cm 

 
DU=39.2 cm> DTCPLS 

The requirements for target displacement, calculated by using N2 method for all 3 
limit states are reached for both types of structures (steel and composite). 

In case of EBF_S_6 the first plastic hinge is developed approximately in the same 
time as achieving the requirements for serviceability limit state and plastic hinges 
are developed in links from the first five levels. For the requirements specific to 
ultimate state it can be observed that failure mechanism is formed in the link from 
the second level, by failure of both plastic hinges. The collapse mechanism occurs 
by failure of dissipative zone from beam of second level.  

In case of composite frame EBF_C_6, the first plastic hinge is formed after 
reaching the requirements of SLS. For the requirements of ultimate limit state, the 
plastic hinges are developed in links of the first 3 levels. The collapse mechanism 
occurs by failure of dissipative zone from beam of the first level. 
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The obtained values for inter-story drift are presented in the following 
graphics: 

 

   
Fig. 7 Inter-story drift for EBF_S_6 and EBF_C_6 at SLS and ULS  
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Fig. 8 Inter-story drift for EBF_S_6 and EBF_C_6 at CPLS and collapse  

The values for the drift are within the values specified in the design norms in all the 
three limit states. There were taken into account the values from P100-2013, which 
provides a maximum value for the drift of 0.75% for SLS, 2.5% for ULS and 5% 
for CPLS provided by the FEMA356 (in P100-2013 does not exist requirements for 
CPLS).  

The maximum value for the inter-story drift is reached to the second level for all 
the three limit states. (SLS, ULS, CPLS) 

5. CONCLUSIONS. 

The difference in behaviour between two types of eccentrically braced frames, steel 
and composite, has been studied.  The contribution of the concrete slab is 
significant in regards to the global behaviour of structure, even in the situation 
when shear connectors are not present in the dissipative zones.  

From the push-over analyses it can be observed that the requirements for target 
displacements are higher for steel frames than for composite frames. The energy 
dissipation is done through the development of plastic hinges for both types of 
structures.  

The push-over analyses showed that in case of composite beams to lower values of 
the inter-story drift, plastic hinges are formed later, which leads to a stiffer 
structure. The values for inter-story drift are within the limit values provided by 
norms for both types of structures in all the three limit states. 

In case of eccentrically braced frames with links that yield in bending, it will be 
recommend to use the composite beam solution because leads to a better seismic 
response than the pure steel beams. 
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Summary 

The paper presents the development of the computational equations which describe 
the elastic behaviour of multi-layered composites.  The prediction of the elastic 
engineering constants is studied based on classical lamination theory, both for an 
orthotropic lamina and for a symmetric angle-ply laminate. The stiffening effect of 
stacking two or more laminas is demonstrated based on a case study, where two 
different types of composite material were analysed. Graphical distributions of the 
engineering constants with respect to different fibre volume fractions, for 
unidirectional off-axis laminas and symmetric angle-ply laminates, were 
represented. The influence of the fibre volume fractions on the elastic behaviour of 
composite laminates is also investigated. 

KEYWORDS: classical lamination theory, orthotropic lamina, angle-ply laminate, 
composite laminate, fibre volume fraction, fibre orientation angle, engineering 
elastic constants. 

1. INTRODUCTION 

The classical lamination theory (CLT) derives from the classical plate theory 
proposed by Kirchhoff-Love [1] and it is the most commonly used theory for 
analysing composite laminates. The extension of this theory is valid for thin 
laminates, with small displacement in the transverse direction. The basic 
assumptions which govern the lamination theory are presented by Herakovich in 
[2], as it follows: 

• Perfect bonding between the layers is assumed. 
• Each ply is a homogeneous material with known effective properties. 
• Each lamina is in a plate stress. 
• The individual lamina can be isotropic, orthotropic or transversely isotropic. 
• The laminate deforms according to the Kirchhoff-Love assumptions for 

bending and stretching. 

Classical lamination theory presented in the paper is applicable to orthotropic 
continuous fibre laminated composites only. 
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The laminate engineering elastic constants are important in predicting the stiffening 
behaviour of a composite structure. Therefore, it is necessary to know the 
influencing parameters as the fibres and matrix properties and the ply 
microstructure, the shape and size of the fibres’ cross-sections, fibre volume 
fraction, fibre orientation angles and stacking sequence.   

2. GOVERNING EQUATIONS OF ENGINEERING CONSTANTS 

2.1. Off-axis unidirectional lamina 

A ply or lamina is the simplest element of a composite material and it is considered 
an elementary layer of unidirectional fibres embedded in a matrix [3]. The off-axis 
unidirectional lamina or the general orthotropic lamina shown in Fig. 1 is defined 
as a composite ply where the principal material axes 1(L) and 2(T) make a different 
angle with the global system of reference (x, y) [4]. 

y

x

y

x

x

y

yx

xy

yx

xy

1(L)
2 (T)

0

0

 
Figure 1. Off-axis unidirectional lamina 

The effects of fibre orientation angles are studied with corresponding 
transformations between principal and global axes presented in Equation (1): 
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where: E1, E2 and G12 are the axial and shear moduli with respect to the principal 
material axes, ν12 and ν21 are the Poisson’s ratios and   is the fibre orientation 
angle; cosc , 22 cosc , 44 cosc ; sins , 22 sins , 22 sins . 

The in-plane engineering elastic constants with respect to the principal material 
directions are determined according to the micromechanics of fibre reinforced 
composites [4-6], as follows in Equation (2): 
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where: Ef and Em are the longitudinal Young’s modulus of the fibre and matrix 
respectively; Gf  and Gm are the shear modulus of the fibre and matrix; νf and νm are 
the Poisson’s ratios of the fibre and matrix; Vf and Vm are the fibre and matrix 
volume fractions. 

2.2. Angle-ply laminates 

By definition, angle-ply laminates   sn  are considered a special type of 
orthotropic laminates, having equal number of equal thickness layers at   and 
  fibre orientation angles. Symmetric angle-ply laminates are characterized by 
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symmetry with respect to the middle plane of the laminate, in terms of material, 
thickness and fibre orientation angles [6]. 
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Figure 2. Angle-ply laminate   s2  

The computational equations which describe the stiffening behaviour of an angle-
ply laminate are related to the elements of the laminate compliance  a   and of the 

transformed reduced stiffness matrix  Q , as follows [4]: 
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The elements of the transformed reduced stiffness matrix ijQ  are given by 
Equation (4) [4, 7]: 
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where: Qij represent the coefficients of the stiffness matrix, related to the in-plane 
engineering constants of the lamina, as follows: 
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3. CASE STUDY 

The prediction of the elastic engineering constants for orthotropic laminas and 
symmetric angle-ply laminates is demonstrated based on a case study. Two 
different types of composite materials are chosen for the analysis, such as carbon 
fibre/epoxy resin and S glass/polyester resin, given in Table 1. 

Table 1. Properties of materials [7] 

Composite 
materials  

Longitudinal 
Young’s modulus 

[GPa] 

Poisson’s 
ratios 

Shear modulus 
[GPa] 

Fibre Matrix Ef Em νf νm Gf Gm 
carbon epoxy 380 4.1 0.2 0.4 118.75 1.46 
S glass polyester 85.5 4 0.22 0.39 26.72 1.44 

The variations of the elastic engineering constants with respect to the fibre volume 
fractions are shown in Figs. 3-7. Suggestive values for the fibre orientation angles 
were selected as to illustrate the stacking stiffening effect, but also the highest 
engineering constants obtained values for angle-ply laminates. 
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a). highest values for Ex 

 
b). stacking stiffening effect  

Figure 3. Variation of longitudinal modulus Ex  

The longitudinal elastic modulus Ex reaches maximum values at o50 , as 
shown in Fig. 3a. While increasing the fibre orientation angles, a gradual and 
continuous loss of stiffness appears. Moreover, the elastic properties for this 
interval are difficult to be distinguished for laminas compared with laminates, so 
the concept of an angle-ply laminate with low values of orientation angles is not 
feasible for design. 

The stiffening effect is most clearly illustrated in Fig. 3b, for fibre orientation 
angles of o1510 , where significant differences can be observed between the 
orthotropic laminas and angle-ply laminates. 

As expected, the graphical distributions shown in Fig. 4 for the transverse modulus 
Ey are identically with Ex, for complementary fibre orientation angles. 
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a). highest values for Ey 

 
b). stacking stiffening effect  

Figure 4. Variation of transverse modulus Ey 

Comparison of the predictions for longitudinal modulus Ex and transverse modulus 
Ey shows that the fibre volume fractions influence the increasing of the analysed 
engineering constants. 

 
a). highest values for Gxy and stacking stiffening effect 
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b). symmetry with respect to o45  

Figure 5. Variation of shear modulus Gxy 

The shear modulus Gxy reaches highest values and the stacking stiffening effect is 
the most clearly illustrated at a fibre orientation angle of o45 (Fig. 5a). The Gxy 

graphical distributions indicate a symmetry with respect to o45 , showing 
increasing values for o450  and decreasing values for o9045 (Fig. 5b). 

The variations of the Poisson’s Ratios νxy and νyx are illustrated in Figs. 6-7. 

 
a). highest values for νxy and stacking stiffening effect 
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b). different slope distributions for νxy 

Figure 6. Variation of Poisson’s ratios νxy  

The stacking stiffening effect and the highest reached values for the Poisson’s ratios 
νxy and νyx are shown in Fig. 6a and Fig. 7b respectively. As expected again, the fibre 
orientation angles for the Poisson’s ratios are complementary, so the graphical 
distributions of the engineering constants appear as in a mirror one to the other. 

 
a). highest values for νyx and stiffening effect 

 



202 I. Dupir (Hudișteanu), V. Lupășteanu 

 
b). different slope distributions for νyx 

Figure 7. Variation of Poisson’s ratios νyx 

The variation of Poisson’s ratios is shown in Fig. 6b and Fig. 6a, for different fibre 
orientation angles. Different slope distributions are illustrated, suggesting a gradual 
loss or gain of stiffness once the fibre volume fractions or the fibre orientation 
angles are changed.  

4. CONCLUSIONS 

The influence of the fibre volume fractions on the elastic engineering constants of 
multi-layered composite was demonstrated. The presented graphical distributions 
indicate an increase on the elastic characteristics when higher percentages of fibre 
volume fractions are used.  Even so, in the case of the Poisson’s ratios, the increase is 
not proportional to the fibre volume fractions, neither to the fibre orientation angles. 

Significant differences regarding the elastic characteristics and stiffening behaviour 
was observed between the two types of composite materials adopted for the case 
study. Therefore, when designing a composite laminate, all the previous discussed 
parameters have to be taken into account to fulfil the needed requirements. 
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Summary 
Traditional strengthening solutions of steel beams usually consist in supplementing 
the base material in specific locations, for which, certain parameters are not fulfilled 
any more. For the most common cases, these strengthening solutions imply large 
consumptions of construction materials and high costs. Strengthening solutions 
based on carbon fibre reinforced polymer (CFRP) composites have gained much 
interest in the last years, because of the superior mechanical properties of the latter 
and due to their simple and rapid technique of application. This paper presents the 
analytical evaluations of the flexural capacity of a steel beam which has been 
strengthened using a (CFRP) strip. 

KEYWORDS: steel beams, flexural capacity, adhesively bonded CFRP composite 
strips. 

1. INTRODUCTION 

Traditional strengthening schemes of steel beams consist in welding or mechanically 
fastening steel plates or profiles in those sections for which the resisting capacity is 
smaller than the effective applied forces. Other conventional solutions consist in 
encasing the steel element, either partially or totally, in concrete, or changing the 
static scheme of the element by introducing supplementary components, like 
bracings or props and even intermediate supports [1, 2, 3]. Also, for the cases in 
which the strength or the stiffness of the beam are affected due to local degradations, 
the strengthening solution my consist in replacing the damaged sections with new 
ones. 

For most of the traditional solutions, the strengthening process implies large 
consumptions of materials, labour and costs. Moreover, the strengtheing process 
usually comes with the incapacity of using the building, which may amplify the 
financial impact of the project. Using composite materials in strengtheing processes 
of steel beams may turn into a feasable solution, first because of the great mechanical 
properties of these materials (high ratio between strength and specific weight) and 
second, because of the execution phase which can be done in a very short time with 
minimum impact upon the activities that are run inside the building. 
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Strengthening solutions of steel beams based on CFRP composite elements are 
among the newest methods, the first steel structure which has been strengthened with 
this technique is the Tickford Bridge from UK, in 1999 [4]. 

Steel beams flexurally strengthened with CFRP composite elements have been 
analysed by numerous research teams, by either analytical and numerical methods 
or experimental tests [5, 6, 7, 8]. The results of the experimental programs have 
confirmed the efficiency of this strengthening solution, the flexural capacities of the 
beams being improved from 15% up to 85%, depending on the amount and quality 
of the CFRP material that was used and being also influenced by the bonding agent. 
Also, in many cases, a good correlation between the analytical models and the 
experimental results has been confirmed [9]. 

2. DESIGN EXAMPLE 

For a better illustration of the strengthening effect for a steel beam, a design example 
is presented in this section. Thus, a simply supported steal beam is considered, with 
geometrical characteristics being presented in Figure 1. The bottom flange has been 
strengthened with a CFRP composite strip bonded with an adhesive characterized by 
a non-linear bond-slip model presented in Figure 2. The mechanical properties of the 
materials are briefly inserted in Table 1. The beam is subjected to a concentrated 
force, in the midspan and in order to emphasise the effects of the strengthening 
scheme, the lateral buckling of the beam and the premature debonding failure of the 
adhesive are not taken into account. 

 
Figure 1. Layout of the FRP plated steel beam 

Table 1. Geometrical and mechanical properties of the components 
Property Notation Value Unit 
Steel beam    
Span Lb 4100 mm 
Height hs 270 mm 
Top flange width bs,sup 150 mm 
Bottom flange width  bs,inf 150 mm 
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Thickness of the top flange tsf1 12 mm 
Thickness of the bottom flange tsf2 12 mm 
Thickness of the web tsw 10 mm 
Height of the web hw 246 mm 
Cross-sectional area As 6060 mm2 
Yield strength fy 235 MPa 
Young’s modulus Es 200000 MPa 
Yielding strain εsy 0.001175 - 
Safety factor γs 1 - 
Elastic modulus in Y direction Wy,el 535974.66 mm3 
Plastic modulus in Y direction Wy,pl 615689.94 mm3 
Capable elastic bending moment My,el,cap 125.954 KNm 
Capable plastic bending moment My,pl,cap 144.687 KNm 
Epoxy adhesive    
Thickness tadh 1 mm 
Modulus of elasticity Eadh 1750 MPa 
Tensile strain energy R 0.139 MPa mm/mm 
Slip at the end of the elastic stage δ1 0.0163 mm 
Slip at the end of the constant stage δ2 0.809 mm 
Ultimate slip δf 1.36 mm 
Safety factor γadh 1.25 - 
CFRP composite strip    
Thickness tcfrp 1.4 mm 
Length Lcfrp 4000 mm 
Width bcfrp 150 mm 
Tensile strength fcfrp 2900 MPa 
Modulus of elasticity Ecfrp 170000 MPa 
Safety factor γcfrp 1.25 - 

 
Figure 2. Bond-slip model for non-linear adhesive 

2.1. Calculating the ultimate strain of the CFRP composite strip 
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 , , , , ,min( ; )cfrpl d cfrp rup d cfrp l d    (1) 

where:  
- - ,cfrpl d is the design ultimate strain of the CFRP composite strip; 

- - , ,cfrp rup d is the design strain corresponding to the rupture of the CFRP 
composite strip; 

- - , ,cfrp l d is the design strain corresponding to the intermediate debonding of the 
CFRP composite strip. 

The design strain corresponding to the rupture of the CFRP composite strip is 
calculated with Equation 2. 

 , ,
CFRP

cfrp rup d
CFRP CFRP

f
E




 =0.013647 (2) 

The design strain corresponding to the intermediate debonding of the CFRP 
composite strip is calculated with Equations 3 and 4.  

 , ,

21 f
cfrp l d

adh CFRP CFRP

G
E t




 =0.00807 (3) 

Gf is the interfacial fracture energy and is calculated with Equation 4. 

 0.5 2628f adhG t R =12.1335 Nmm/mm2 (4) 

Equation 3 is valid only if the anchorage length of the CFRP strip (La) is greater than 
the effective one (Le). 

Because the critical section of the beam is at the mid-span, the anchorage length is 
calculated with Equation 5. 

 
2

CFRP
a

LL  =2000 mm (5) 

The effective anchorage length (Le) is calculated with Equation 6. 

 
1

1 1ln
1e d e

CL a b
C


  


=187.318 mm (6) 

Factors λ, λ1, λ3, ad, be and C are obtained with Equations 8, 9, 10, 11 and 12. 

 
2
max 1( )

2
CFRP

f CFRP CFRP S s

b
G E t E A


   =0.00569 mm-1 (7) 

where:  
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- max 0.9 adhf  . 

 2 2
1

max 1

2 fG
 

 
 =0.05985 mm-1 (8) 

 2
3

max 2

2
( )

f

f

G
 

  



=0.01029 mm-1 (9) 

 2

1 1

1 ((2 1) 1)da 

 
   =148.910 mm (10) 

 3
22

3 1 1

1 arcsin ( )
0.97e fb  

 
  

 
  

 
=59.006 mm (11) 

 3
2 3 1

1 1

( )cot( )f e dC b a
   


   = -0.5486 mm (12) 

Since Le is smaller than La, Equation 3 can be used and the design ultimate strain of 
the CFRP strip ,cfrpl d = , , 0.00807cfrp l d  . 

2.2. Determining the capable bending moment of the composite section 
The capable bending moment of the composite sections can be obtained using the 
classical mechanical theories by imposing the assumption of total plasticization of 
the steel section. Still, for steel sections reinforced with CFRP strips, it has been 
observed that when the capable moment is reached, the steel section is not 
completely plasticized, the mid-part of the web being in elastic stage [1]. Figure 3 
presents the variation of the stresses and strains on the composite cross-section. 

  
Figure 3. Variation of strains and stresses on the composite cross-section 

where: 
- - ,cs is the strain at the limit of the compressed steel section; 

- - s,t is the strain at the limit of the tensioned steel section; 
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- - cfrp is the strain in the mid-section of the CFRP strip; 

- - cfrp is the average axial stress in the CFRP strip; 

- - ,s y is the yielding stress of the steel; 

- - ,s i is the strain in the steel at hi height; 

- - ,is is the stress in the steel at hi height; 
- - x is the depth of the neutral axis; 
- - hc is the height of the plasticized steel section; 
- - de is the height of the elastic steel section; 

The depth of the neutral axis is unknown and, for that reason, in the first stage, its 
value is imposed as x = 150mm. This value will be verified when the equilibrium 
conditions are check on the composite cross-section. Based on the design ultimate 
strain of the CFRP strip and on the depth of the neutral axis, the strains at the 
boundaries of the steel sections, ,cs and s,t , can be calculated, using Equations 13 
and 14, respectively. 

 , ,

2

s c cfrpl d
cfrp

s adh

x
t

h t x
 




  

= 0.0099 mm (13) 

 , ,

2

s
s t cfrpl d

cfrp
s adh

h x
t

h t x
 




  

= -0.0079 mm (14) 

The strain of the steel at hi depth can be calculated with Equation 15. 

 , ,

2

i
s i cfrpl d

cfrp
s adh

h x
t

h t x
 




  

 (15) 

The height of the compressed zone, is obtained by assuming in Equation 15 that
,i ,ys s  . 

 ,

,

( / 2 )s y s adh cfrp
c

cfrpl d

h t t x
h x





  
  =132.2982 mm (16) 

The height of the elastic zone, is obtained with Equation 17. 

 2( )e cd x h  =35.4036 mm (17) 

The position of the neutral axis is checked by balancing Equation 18. 
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 ,
0

0
h

s i i i cfrp cfrp cfrpb dh b t    (18) 

which, in an explicit form, can be written as: 

 

1 ,sup 1

2 2 ,inf

( ) ( ) ( )
2 2

( ) 217889.4339 0

y y y y
sf s c sf sw c sw c sw

s s s s

y y
s sf e c sw sf s cfrp cfrp cfrp cfrp

s s

f f f f
t b h t t x h t x h t

f f
h t d h t t b E b t

   


 

      

        

 (18*) 

Since the equilibrium of Equation 18 has not been achieved, the correct value of the 
depth is obtained using an iterative process, by applying successive values for x. 

It has been found that, for x = 196.36, Equation 18 becomes: 

 
1 ,sup 1

2 2 ,inf

( ) ( ) ( )
2 2

( ) 2.6131 0

y y y y
sf s c sf sw c sw c sw

s s s s

y y
s sf e c sw sf s cfrp cfrp cfrp cfrp

s s

f f f f
t b h t t x h t x h t

f f
h t d h t t b E b t

   


 

      

       

 (18*) 

where: 
- - ,s c = 0.02105; 

- - ,s t = -0.00789; 

- - ch = 185.4014 mm; 
- - ed = 21.9170 mm 

The capable moment of the composite section is evaluated with Equation 19. 

 , , ,
0

( ) ( )
2 2 2

h
cfrps s

ib d s i s i i i cfrp cfrp cfrp cfrp adh

th hM b h dh E b t t       (19) 

Which, in explicit form, can be written as: 
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 (19*) 

3. CONCLUSIONS 

The application of CFRP composite strips on the bottom flange of I-shaped steel 
beams subjected to bending, is an efficient strengthening solution. For the case st 
that has been presented in this paper, the 1.4 mm thick and 150 mm width CFRP 
composite strip that has been adhesively bonded to the bottom side of the steel beam, 
produced an increase of the capable bending moment of 21.13%. 
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Summary 
Some micro-mechanical models are in use today to accurately describe the shape of 
textile reinforced composite materials. Physically, the textile reinforced composites 
modelling is more demanding than those of traditional composite (unidirectional) 
materials, given the fact that their geometric architecture of wire connections is quite 
sophisticated. Refined and accurate models are required to analyse these 
complicated structures. The numerical modelling techniques can be broken down 
into three main categories: classical laminate theory (CLT), stiffness averaging 
method (SAM) and finite element method (FEM). Of all the methods, finite element 
method (FEM) is the most promising because it allows analysis of nonlinear systems 
with general boundary conditions and can be adapted to complex geometries. Each 
model is based on micro-mechanical analysis, because all mechanical properties 
are affected by microscopic variables (geometric lengths, areas and volumes) and 
their properties. This paper is an attempt to find an efficient method of modelling the 
geometry, by analytical/numerical means, in order to save time and costs associated 
with the analysis of these composites. The method used here is a compromise 
between the continuous and pure discrete approaches and is associated with a 
mesoscopic analysis of the repetitive unit cell (UC). 

KEYWORDS: composite material, woven composite, repetitive unit cell. 

1. INTRODUCTION 

In order to minimize the cost of analytical/numerical modelling of a woven 
composite material, only a small representative cell, the so-called unit cell (UC),   
that repeats itself along the entire material, is analysed. One of the first geometric 
patterns, extremely idealized, of the unit cell of a plain weave fabric was presented 
by Peirce [1]. Peirce's model (Fig. 1a) is based on a circular cross-section and 
incompressible wire. Kemp [2] modified Peirce's model, using elliptical wire cross 
sections (Fig. 1b), thereby achieving a more realistic representation of the geometry 
of the fabric. 
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a.  Pierce model (1937) b.  Kemp model (1958) c.  Shanahan and Hearle 
model (1978) 

 
 

 

d.  Ning and Chou model 
(1998) 

e.  Searles, Odegard and 
Kumosa model (2001) 

f.  Hofstee and van Keulen 
model (2001) 

Fig. 1 The unit cell modelling evolution 

Shanahan and Hearle [3] presented a geometric pattern using wire cross-section of 
lenticular shape (Fig. 1c) and introduced energy calculation methods. Ning and Chou 
[4] have developed a model with a more idealized unit cell (Fig. 1d) to estimate the 
effective plan thermal conductivity of the composite. Another representation of the 
wires was proposed by Searles [5], which introduced new procedures to characterize 
the upper and lower half of the cross section of the wires, relative to the centre of 
gravity (Fig. 1e). Hofstee and Van Keulen [6] proposed a geometric model of unit 
cells based on woven wire variable section (Fig. 1f). 

An important feature of the available models is that they are all developed with 
certain textile architecture in mind. There is a need for a generalized model of fabric, 
in which one of the parameters should be the fabric pattern itself [7]. Also, the 
correlations between geometric parameters have not been fully investigated in 
published studies, in order to determine accurately how the change in a parameter 
affects the other design parameters [8]. 

2. MODELLING THE SATIN REINFORCED COMPOSITES  

The micromechanical study was performed on an epoxy lamina, reinforced with 
satin fabric. The method adopted is a hybrid method, which was proposed by Barbero 
[9] and is a good compromise between the accuracy of finite element methods and 
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the simplicity of analytical methods. To find the elastic constants of the material, in-
depth characterization of lamina geometry was necessary, pursuing the need to make 
an accurate estimation of both these constants and the factors influencing them. Due 
to the complexity of geometry, calculus become complicated and require the use of 
a computer backed-up by an appropriate programming language. Thus, all functions 
that describe the fabric geometry and equations for determining various parameters 
of the composite may be implemented in a MATLAB® like environment. 

The UC is used for geometric and mechanical analysis and it is the smallest part of 
the fabric (2D) that contains all the features necessary to define the composite 
material. Therefore, the entire element can be rebuild by replicating the UC along 
the fill and warp pathways. Fig. 2 shows the UC of satin fabric 5/2/1. Fibres exposure 
on material faces is unbalanced, thus being dominated by fill or warp on opposite 
sides.  

Fig. 2 The UC of satin fabric 5/2/1 and geometrical parameters 𝑛𝑔,𝑛𝑠 ,𝑛𝑖 

To identify the UC, three geometric parameters are introduced to facilitate the 
modelling and implementation of specific geometry in software. These parameters 
are 𝑛𝑔, 𝑛𝑠, 𝑛𝑖, defined as follows (Fig. 2): 

• 𝑛𝑔 is the number of subcells along one direction of the UC (harness). In case of 
5/2/1 satin, 𝑛𝑔=5; 

• 𝑛𝑠 is the number of subcells between consecutive interlacing regions (shift). 
For 5/2/1 satin, 𝑛𝑠=2; 

• 𝑛𝑖 is the number of subcells in the interlacing region (interlacing). For satin 
5/2/1, 𝑛𝑖 = 1. 

These parameters are proposed and used as a new coding system for 2D fabrics 
(biaxial orthogonal). Under this scheme, any style of fabric is described by 
combining the three parameters 𝑛𝑔/𝑛𝑠/𝑛𝑖, with no need to generate special 
geometric descriptions for individual cases. 

  



214 A. Axinte 

The satin fabric is made by fill (x axis), and warp (y axis). They are described by the 
following geometric parameters, as seen on Fig. 3: 

• tow width for fill 𝑎𝑓 and warp 𝑎𝑤; 
• tow height for fill ℎ𝑓 and warp ℎ𝑤; 
• gap between two consecutive tows for fill 𝑔𝑓 or warp 𝑔𝑤; 
• neat-matrix thickness ℎ𝑚.  

 
Fig. 3 Geometrical parameters of the UC 

In the first step, the UC is split along the (x, y) plane in 2D smaller units subcells, in 
order to better consider the influence of curling wires. As the number of subcells is 
higher, the results are more accurate, but computing power needed increases with a 
quadratic rate (Fig. 4). 

 
Fig. 4 Intermediate geometrical parameters of the woven textile 

For each subcell, thus for each location (x, y), the geometry of the two tows (fill and 
warp) may be depicted by the complex functions. It starts from undulation along the 
wires, taking into account the space between them 𝑔𝑓 and 𝑔𝑤, which is expressed in 
terms of z coordinate of midpoint of the tow thickness. For example, in the case of 
the satin type fabric, the undulation of the fill 𝑧𝑓(𝑥, 𝑦, 𝑗) is given by Eq. 1 and for the 
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warp by Eq. 2, where 𝑖 𝑎𝑛𝑑 𝑗 ∈ [1, 𝑛𝑔] are the interlacing positions for the warp and 
fill: 
 
𝑧𝑓(𝑥, 𝑦, 𝑗) =  

{
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𝜋𝑥

𝑤𝑤
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1

2
]𝑤𝑤 ≤ 𝑥 ≤ [𝑛𝑠(𝑗 − 1) +

3

2
]𝑤𝑤

(−1)(𝑛𝑔+1)
ℎ𝑓

2
𝑠𝑖𝑛 [

𝜋𝑥

𝑤𝑤
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1

2
+ 𝑛𝑔] 𝑤𝑤 ≤ 𝑥 ≤ [𝑛𝑠(𝑗 − 1) +

3

2
+ 𝑛𝑔]𝑤𝑤

ℎ𝑓

2
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3

2
− 𝑛𝑔]𝑤𝑤 < 𝑥 < [𝑛𝑠(𝑗 − 1) −

1

2
]𝑤𝑤 𝒐𝒓 

                      [𝑛𝑠(𝑗 − 1) +
3

2
]𝑤𝑤 < 𝑥 < [𝑛𝑠(𝑗 − 1) −

1

2
+ 𝑛𝑔]𝑤𝑤

0,            𝒊𝒇  [(𝑗 − 1)𝑤𝑓 ≤ 𝑦 < (𝑗 − 1)𝑤𝑓 +
𝑔𝑓

2
  𝒐𝒓  𝑗𝑤𝑓 −

𝑔𝑓

2
< 𝑦 ≤ 𝑗𝑤𝑓]  𝒂𝒏𝒅 𝑔𝑓 ≠ 0
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                                                                𝑦 < [(𝑛𝑔 − 𝑛𝑠)(𝑖 − 1) −
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ℎ𝑤

2
𝑠𝑖𝑛 [

𝜋𝑦

𝑤𝑓
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1
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3

2
− 𝑛𝑔]𝑤𝑓 < 𝑦 < [(𝑛𝑔 − 𝑛𝑠)(𝑖 − 1) −

1

2
]𝑤𝑓 𝒐𝒓 

                          [(𝑛𝑔 − 𝑛𝑠)(𝑖 − 1) +
3

2
]𝑤𝑓 < 𝑦 < [(𝑛𝑔 − 𝑛𝑠)(𝑖 − 1) −

1

2
+ 𝑛𝑔]𝑤𝑓

0,              𝒊𝒇  [(𝑖 − 1)𝑤𝑤 ≤ 𝑥 < (𝑖 − 1)𝑤𝑤 +
𝑔𝑤

2
  𝒐𝒓  𝑖𝑤𝑤 −

𝑔𝑤

2
< 𝑥 ≤ 𝑖𝑤𝑤]  𝒂𝒏𝒅 𝑔𝑤 ≠ 0

 (2) 

 
where: 

• 𝑤𝑓 = 𝑎𝑓 + 𝑔𝑓 - the distance between two consecutive fill tows; 
• 𝑤𝑤 = 𝑎𝑤 + 𝑔𝑤 - the distance between two consecutive warp tows. 
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The thickness of the cross section for the fill and warp tows is specified in the Eq. 3 
and Eq. 4). 

 

𝑒𝑓(𝑦, 𝑗) =

{
 

 |ℎ𝑓 sin
𝜋(−(𝑗−1)𝑤𝑓+𝑦−

𝑔𝑓

2
)

𝑎𝑓
| ,       𝒊𝒇  (𝑗 − 1)𝑤𝑓 +

𝑔𝑓

2
 ≤ 𝑦 ≤ 𝑗𝑤𝑓 −

𝑔𝑓

2

0,       𝒊𝒇 (𝑗 − 1)𝑤𝑓  ≤ 𝑦 < (𝑗 − 1)𝑤𝑓 +
𝑔𝑓

2
 𝒐𝒓  𝑗𝑤𝑓 −

𝑔𝑓

2
< 𝑦 ≤ 𝑗𝑤𝑓

 (3) 

 

𝑒𝑤(𝑥, 𝑖) = {
|ℎ𝑤 sin

𝜋(−(𝑖−1)𝑤𝑤+𝑥−
𝑔𝑤
2
)

𝑎𝑤
| ,      𝒊𝒇  (𝑖 − 1)𝑤𝑤 +

𝑔𝑤

2
 ≤ 𝑥 ≤ 𝑖𝑤𝑤 −

𝑔𝑤

2

0,      𝒊𝒇 (𝑖 − 1)𝑤𝑤  ≤ 𝑥 < (𝑖 − 1)𝑤𝑤 +
𝑔𝑤

2
 𝒐𝒓  𝑖𝑤𝑤 −

𝑔𝑤

2
< 𝑥 ≤ 𝑖𝑤𝑤

 (4) 

 
Given the above parameters, undulation and cross-sectional thickness of the wires 
for the entire UC can be computed (Eq. 5, 6). 

 

 𝒊𝒇 (𝑗 − 1)𝑤𝑓  ≤ 𝑦 ≤ 𝑗𝑤𝑓 → {
𝑧𝑓(𝑥, 𝑦) = 𝑧𝑓(𝑥, 𝑦, 𝑗)

𝑒𝑓(𝑦) = 𝑒𝑓(𝑦, 𝑗)
 (5) 

 

𝒊𝒇 (𝑖 − 1)𝑤𝑤  ≤ 𝑥 ≤ 𝑖𝑤𝑤 → {
𝑧𝑤(𝑥, 𝑦) = 𝑧𝑤(𝑥, 𝑦, 𝑖)

𝑒𝑤(𝑥) = 𝑒𝑤(𝑥, 𝑖)
 (6) 

 
The upper and lower surface boundaries of the fill and warp yarns can be evaluated 
using Eq. 7, 8. 

 {
𝑧𝑓
𝑡𝑜𝑝(𝑥, 𝑦) = 𝑧𝑓(𝑥, 𝑦) +

1

2
𝑒𝑓(𝑦)

𝑧𝑓
𝑏𝑜𝑡(𝑥, 𝑦) = 𝑧𝑓(𝑥, 𝑦) −

1

2
𝑒𝑓(𝑦)

 (7) 

 {
𝑧𝑤
𝑡𝑜𝑝(𝑥, 𝑦) = 𝑧𝑤(𝑥, 𝑦) +

1

2
𝑒𝑤(𝑥)

𝑧𝑤
𝑏𝑜𝑡(𝑥, 𝑦) = 𝑧𝑤(𝑥, 𝑦) −

1

2
𝑒𝑤(𝑥)

 (8) 

Undulation angle of the tows θ (Fig. 5), is then calculated with Eq. 9. 

 
𝜃𝑓(𝑥, 𝑦) = arctan (

𝜕

𝑑𝑥
𝑧𝑓(𝑥, 𝑦))

𝜃𝑤(𝑥, 𝑦) = arctan(
𝜕

𝑑𝑦
𝑧𝑤(𝑥, 𝑦))

 (9) 
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Fig. 5 Undulation angle θ of the fill and warp tows 

Cross sectional area of the fill and warp tows of UC can be estimated by Eq. 10. 

 
𝐴𝑓 = ∫ 𝑒𝑓(𝑦)𝑑𝑦

𝑤𝑓
0

𝐴𝑤 = ∫ 𝑒𝑤(𝑥)𝑑𝑥
𝑤𝑤
0

 (10) 

Wire length is determined in UC using the description of undulation (Eq. 11): 

 
𝐿𝑓 = ∫ √1 + (

𝜕

𝑑𝑥
𝑧𝑓(𝑥, 𝑦))

2

𝑑𝑥
𝑛𝑔∙𝑤𝑤
0

𝐿𝑤 = ∫ √1 + (
𝜕

𝑑𝑦
𝑧𝑤(𝑥, 𝑦))

2

𝑑𝑦
𝑛𝑔∙𝑤𝑓
0

 (11) 

Based on the above relationships, the volume of the fill tows is 𝑣𝑓 = 𝑛𝑔𝐴𝑓𝐿𝑓 and 
that of the warp tows is 𝑣𝑤 = 𝑛𝑔𝐴𝑤𝐿𝑤. 

The mechanical characteristics of the composite are determined by the properties of 
the matrix and those of the fill and the warp tows. The mechanical properties of the 
yarns (i.e. E1, F1t, etc.) are calculated based on the apparent resistance of the 
constituent material (fibre and matrix), taking into account the volume fractions of 
the fibres in the yarns. 

3. CONCLUSIONS 

Mechanical performance of the textile composites can be determined either 
experimentally or through simulations (modelling); the latter is the less expensive 
approach, commonly used when calculating the mechanical properties of fabrics. In 
order to minimize the cost of analytical/numerical modelling of a woven composite 
material, only a small representative cell, the so-called unit cell (UC),   that repeats 
itself along the entire material, is analysed. 
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The micromechanical study was performed on an epoxy lamina, reinforced with 
satin fabric. The method adopted is a hybrid method and is a good compromise 
between the accuracy of finite element methods and the simplicity of analytical 
methods. To find the elastic constants of the material, in-depth characterization of 
lamina geometry was necessary, pursuing the need to make an accurate estimation 
of both these constants and the factors influencing them. Due to the complexity of 
geometry, calculus become complicated and require the use of a computer backed-
up by an appropriate programming language. Thus, all functions that describe the 
fabric geometry and equations for determining various parameters of the composite 
may be implemented in a MATLAB® like environment. 
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Summary  

The assessment of safety and structural integrity of existing buildings is often an 
intricate task regarding the optimum structural intervention measures on 
superstructure, infrastructure or both. When the cause of structural deterioration is 
related to the geotechnical condition unfit for the new load regime, a widely used 
method for the rehabilitation of infrastructure is the underpinning of foundations. 

This paper is focused on the analysis of the stresses developing into a masonry wall 
when excavating in segmented areas with limited lengths under and on both sides 
of the continuous foundation. In this respect, a linear elastic analysis for a three-
dimensional model was carried out by using finite element software ANSYS.  

The case study refers to a layered soil profile, consisting of 1.00 m of clayey silt, 
2.70 m of clay, 1.50 m of clays with sand inclusions, 2.10 m of silty clay and 2.70 m 
of clay, with the relevant geotechnical parameters considered constant during 
service. The structure is considered a brick masonry wall, 3 m high, 10 m long and 
0.375 m thickness, supported by a 0.60 m width stone masonry continuous 
foundation, extended to 0.60 m depth (insufficient at present to satisfy the frost 
depth restriction). During service, the material aging and climate influence within 
the wall is regarded by a slow decrease of the elastic modulus (E), from 4000 MPa 
to only 1200 MPa. 

The excavation for the underpinning is assumed to start from the middle of the 
wall, with variable lengths, from 0.60 m increasing with a rate of 0.10 m, up to 
1.00 m. The depth of the excavation is considered constant, as 0.60 m under the 
foundation, to exceed the frost depth by a final value of the foundation depth of 
1.20 m. 

The model of the wall, foundation and soil was developed with ANSYS interface for 
all excavation ranges, considering a frictionless contact between foundation and 
soil and the program run for all modulus variations and excavation geometries. 
The results are given in diagrams correlating the E modulus versus in-plane and 
vertical stress for all the excavation geometries.  

KEYWORDS: ANSYS software, finite element modelling, excavation, 
underpinning, stress analysis. 
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1. INTRODUCTION 

The underpinning is a traditional method used to strengthen and develop higher 
bearing capacity of the soil beneath the extended foundations.  

The structural rehabilitation can be accomplished with different technical solutions 
depending on many factors, so the right method should be thoroughly appraised.  

In case of shallow foundations, the traditional underpinning consists in segmented 
excavations of the soil beneath the foundation and replace it with concrete with or 
without a lateral enlargement of the foundation, thus obtaining an increase of the 
bearing capacity.  

Excavation of the soil underneath the foundation may develop some considerable 
risks concerning the safety of the structural elements within the superstructure 
and/or the infrastructure of the building, particularly when dealing with historical 
buildings [2]. 

In other cases, the underpinning can be supplemented with the addition of concrete 
beams or using micro-piles, the loads being transferred to the soil through the 
mixed system: existing footings and new added elements.  

2. THE FINITE ELEMENT APPROACH 

A 3D static structural analysis in Workbench platform of the ANSYS software has 
been performed in order to calculate stresses in the investigated masonry wall when 
excavating a section underneath its continuous foundation with the purpose of 
underpinning. 

More than 685000 nodes and 108000 elements resulted with the discretization of 
the model geometries.  

As a frictionless (non-linear) contact between the continuous foundation and the 
soil was used, over 190 spring elements (COMBIN14, which is an uniaxial tension-
compression element [6]) were automatically added to stabilize the model and to 
achieve convergence and a reasonable numerical solution. 

The soil, foundation and the wall have been meshed with SOLID186, a higher 
order 3-D 20-node solid element that exhibits quadratic displacement behavior [6] 
with isotropic material properties.  

CONTA174 and TARGE170 have been used to represent the contact with sliding 
between 3-D target surfaces of the foundation and the deformable surfaces of the 
soil layer [6]. 
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3. PARAMETRIC STUDY 

In this paper the integrated wall-foundation-soil system has been analyzed with the 
finite element software ANSYS, based on direct method of soil-structure 
interaction (SSI) assuming linear elastic behavior of all materials [5], [1], and [3]. 
The 3D model was used to analyze the influence of in-plane and vertical tension 
and compression stresses (Figure 3, nodes A and B) under a vertical load applied 
on the wall for a variety of elastic modulus of the brick masonry wall for a no 
excavation hypothesis and for a variation of the excavation length between 0.6 and 
1 m with a rate of 0.1 m. 

3.1. Input data for the model geometry and construction materials 

The input model geometry consists of a brick masonry wall 10 m long and 3 m 
high and a stone masonry continuous foundation with the same length and 0.6 m 
depth (Figure 1, 2) with the specific isotropic material properties as presented 
within Table 2.  

The foundation is considered located on a layered half-space with the geometries 
and soil isotropic properties assumed in Figure 1 and Table 1. 

 
Figure 1. The model geometry – lateral view 
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Figure 2. Detail of the excavation, with the wall and corresponding foundation  

The stresses developed into the wall have been analyzed for different excavation 
lengths as presented in Table 3. The initial model considers no excavation, as an 
assessment of the existing in situ situation. Then, a variation for the length of the 
excavation has been analyzed and tension and compression stresses for the brick 
masonry wall have been observed whilst the elastic modulus of the masonry wall, 
due to the material aging, decreased from 4000 to 1200 MPa with a 400 MPa rate. 

Table 1. Characteristics of the soil layers 

Soil type 
Thickness 
of the 
layer [m] 

Young’s 
Modulus 
[MPa] 

Poisson’s 
Ratio 

Density 
[kg/m3] 

clayey silt 1.00 10 0.35 1900 
clay 
clay with sand inclusions 

2.70 
1.50 

16.362 
16.667 

0.42 
0.42 

2170 
2080 

silty clay 
clay 

2.10 
2.70 

13.076 
18.000 

0.35 
0.42 

1980 
2070 

Table 2. Characteristics of the structural elements 

Element B x L x H 
[m] 

Young’s 
Modulus 
[MPa] 

Poisson’s 
Ratio  

Density 
[kg/m3] 

Stone masonry foundation 
Brick masonry wall 

0.6x10x0.6 
0.375x10x3 

6000 
1200÷4000 

0.2 
0.2 

2200 
1800 

Table 3. Dimensions for the excavations 
Depth [m] 
(constant) 

Length [m] 
(variable) 

Width [m] 
(constant) 

0.6 
0.6 
0.6 
0.6 
0.6 
0.6 

0.0 
0.6 
0.7 
0.8 
0.9 
1.0 

2.6 
2.6 
2.6 
2.6 
2.6 
2.6 
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3.2. Analysis set-up   

The bottom surface of the 3D model geometry is restrained against displacement in 
all directions and the vertical sides are free to move in-plane, but confined to move 
out-of-plane (Figure 3). Due to the symmetry of the model, symmetrical boundary 
conditions have been applied in order to reduce the computing time. The symmetry 
condition prevent any nodes from moving through the symmetry plane during the 
analysis.  

The stone masonry foundation, as well as the brick masonry wall have been 
modelled based on the assumptions of the macro-modelling strategies which 
consider the masonry as a homogeneous continuum able to replicate the masonry 
behavior. This assumption is applicable when analyzing bigger parts of a structure 
or an entire building, the amount of computational time being reduced [4]. 

 
Figure 3. Applied symmetry on the wall - foundation system with restrains against 

displacements 

A frictionless contact between the foundation and the soil has been considered in 
order to allow free sliding of the bodies, gaps being allowed to develop depending 
on the intensity of the load. 

The upper part of the model geometry has been meshed with 0.1 m sizing elements 
and the bottom part with 1 m sizing elements (Figure 4). 

A load of 2000 KN has been applied on the upper surface of the brick masonry 
wall for the symmetrical model.  
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Figure 4. 3D mesh pattern for the symmetrical geometry of the wall-foundation-soil system 

- the excavation with 1 m length  

4. RESULTS AND DISCUSSION  

The output was focused on the in-plane and vertical normal stresses resulted in 
nodes A and B represented in Figure 3, as mid points at the top and base surfaces 
of the wall. 

 
Figure 5. Typical in-plane stresses within the symmetrical model for the brick masonry wall 

– the excavation with 1 m length 
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Results of the in-plane tension and compressive stresses for nodes A and B are 
reported with the graphic representation within Figure 7, for all excavation lengths 
corresponding to the entire range of the elastic modulus variations of the brick 
masonry wall.  

A display of the resulted contours for in-plane normal stresses for one of the 
geometry model is given in Figure 5 (excavation length of 1 m).   

 
Figure 6. The evolution of the in-plane stresses correlated with the variation of the elastic 

modulus of the masonry wall for all the excavation lengths 

 
Figure 7. The evolution of the vertical stresses correlated with the variation of the elastic 

modulus of the masonry wall for all the excavation lengths 
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As seen in Figure 6, the upper part of the wall (node A) is subjected only to 
compression, as for the lower part of the wall (node B), it withstands compression 
stresses for the smallest values of the elastic modulus, then tension stresses develop 
as the values for the elastic modulus and the excavation lengths increase gradually. 

The vertical stresses (Figure 7) in the wall (node B) amplify their values with the 
increase of both the excavation length and the elastic modulus of the brick masonry 
wall. 

5. CONCLUSIONS  

The stress related behavior of an existing brick masonry wall, as part of a historical 
building has been analyzed for the case of limited excavation under a stone 
masonry foundation anticipating its underpinning and simultaneously for the 
degradation related to the elastic properties of the brick masonry wall. For higher 
excavation lengths, the values for the normal stresses increase. Thus, the 
excavation sections should be chosen as not to exceed the strength of the structural 
materials and avoid damages of the existing elements. 

In case of the in-plane stresses recorded in node A, as against the no-excavation 
model, there is an increase of the stress values of 22.78% for the 0.6 m excavation 
length for 1200 MPa elastic modulus and 23.79% for the same excavation, but for 
4000 MPa as the value for the brick masonry wall. For the 1.0 m excavation length, 
the stress values grew with 71.50% for the 1200 MPa elastic modulus and 79.90% 
for the 4000 MPa. Following the same comparisons, for the stress values in node 
B, it is noted a significant increase of 33.56% for 1200 MPa up to 131.27% for 
4000 MPa, for the 0.6 m excavation length and an increase of 93.18% for 1200 
MPa up to 208.76% for 4000 MPa, for 1.0 m excavation length. 
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Summary 

The present paper deals with dynamic effect induced by traffic loads in flexible 
pavements. The dynamic effect is not accounted by current design approaches. This 
fact is due the high complexity of the dynamic analysis and the difficulty of 
assessing the real behavioral parameters. In order to obtain confident results, one 
should use advanced numerical tools such as dedicated finite element software. 
The numerical software should be able to perform dynamic analysis and to model 
as accurate as possible the traffic loading conditions. 

In the framework of this study will be summarized the main design demands and 
design methods for pavements according with the actual national and European 
prescriptions. In the same time will be described the possibility to use advanced 
mathematical procedures based on finite element analysis with the help of 
ABAQUS code. One pavement flexible system will be comparatively analysis 
presenting in detail the main steps and introduced parameters such as: defining the 
traffic loading conditions, modeling of the pavement structures, constrains, contact 
interactions, boundary conditions, material laws etc. 

KEYWORDS: flexible pavement, numerical model, finite element, dynamic 
analysis, ABAQUS. 

1. INTRODUCTION 

1.1 The importance of road networks  

The purpose of having road networks is to ensure safe and cost effective 
transportation for goods and persons, which is so necessary for the development 
and progress of any society. Even since the dawn of civilization, people realized 
the importance of roads and invested in the realization of road networks. The 
technological progress brought about the development of the construction and 
composition solutions trying to answer optimally and with minimum costs the 
design requirements. These requirements include the consideration of the location, 
ground and weather conditions, the different traffic levels, both in intensity and 
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frequency, as well as the prognosis of the future conditions as traffic, weather, and 
materials behavior in time and maintenance. 

1.2 Design methods of road pavements  

The road pavements are made up of different layers and materials aiming at 
supporting the traffic. The composing materials respond differently to the 
interaction with the vehicles in motion. The response of the road pavement to the 
loading resulting from the interaction between the wearing course and the tire of 
the vehicle depends on the time. Reasons such as: insufficient calculation power, 
uncontrollable modeling and input data, determined the analysis of the road 
pavements in the current design practice with the help of a static analysis, where 
the loading is considered constant and the response of the pavement not depending 
on time. Lately, many research have concentrated on the study of the dynamic 
response of the pavement under the traffic. 

Although there are methods for the dynamic analysis of pavements, they are not 
necessary perfect and easy to use. There are a lot of limitations regarding the 
characterization of the loading brought by the tire, the material patterns, its ability 
or lack of ability to model nonsymmetrical loading conditions and the 
determination of the mechanical features of the materials. Presently, there is 
worldwide the requirement to find and develop methodologies to practically 
approach the dynamic analysis of road pavements under the action of loadings with 
their real characteristics [2]. 

The impact of vehicles on the road pavements has been studied and presented in 
several scientific papers, underlining the fact that they do not bring a constant 
loading on the road surface, on the contrary, a dynamic loading. The intensity of 
this loading depends on several factors such as the profile of the structure, the type 
of tire and the characteristics of the suspensions, the speed of the vehicle. The 
optimal dimensioning and design require the determination of these factors, the 
follow-up and quantification, through analysis, of their effects on the answer and 
performances of the road pavement. The exact quantification of these parameters 
makes the real analysis of the pavements extremely complicated. The simplifying 
hypotheses concerning the traffic (namely the static loading) and the behavior of 
the materials (namely linear elastic) lead to analysis errors that alter the exact 
assessment of the road pavement performances, having direct effects on the initial 
design cost and on the subsequent maintenance cost. 

1.3 Purpose of the paper 

The paper will present the analysis of a road pavement under the dynamic action of 
vehicles through models and analysis methods. The calculation standards for road 
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pavements in Romania will be also presented. Different factors with impact upon 
the dynamic transient response of the pavement will be shown. The vehicle action 
may be considered as follows [2]: 

- Static loading (IS) when the loading intensity depends neither on the position 
nor on the time and the application point is fixed; 

- Dynamic loading (ID) when the loading intensity does not depend on the 
position but is variable in time, and the application point is fixed; 

- Constant mobile loading (IMC) when the loading intensity depends neither on 
the position nor on the time, but the application point is mobile; 

- Dynamic mobile loading (IMD) when the intensity of the loading depends on 
the position and on the time, and the application point is mobile. 

The present study deals with the differences occurring in the first two approaches 
(IS vs. ID), in a pavement chosen as case study, depending on the specific stresses 
and strains and the settlement occurring in the foundation ground and in the 
pavement layers. In order to study the transient response of the road pavement, the 
numerical analysis has to take into consideration the vehicle speed, the inertia of 
the road pavement and its damping. The paper will describe largely the used 
numerical models. 

2. DESCRIPTION OF THE CHOSEN PAVEMENT 

2.1 Types of road pavements 

The road pavements are characterized by a large diversity in composition, 
determined by the development in time of the conception concerning the role 
played by the different composing layers and certainly by the technological 
progress. The diversity of materials (such as: soils, natural aggregates, binders) and 
construction technologies determine the existence of distinct and varied types of 
road layers. Their operation behavior under dynamic stress from traffic and 
alteration of the weather conditions needs to be assessed correctly with the help of 
specific dimensioning methods. From this point of view, the types of layers and 
pavements in operation need to be classified according to well-structured 
principles. Each typology of road pavement is associated to a specific design 
method correlated to its response under stresses [3]. 

Based on their composition and operation behavior, the road pavements can be:  
- flexible – an ensemble of layers made up of non-cohesive materials stabilized 

mechanically and/or with hydrocarbon binders, the pavement and base course 
made up of asphalt mixtures; 
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- rigid – an ensemble of layers stabilized or not with binders, on top of which a 
cement concrete pavement is realized; 

- semirigid – layers in natural aggregates stabilized mechanically and with 
hydraulic of pozzolanic binders, in which contraction cracking occurs in time, 
and the pavement and maybe the base course are bituminous layers. 

2.2 Road layers of the analyzed pavement 

The numerical investigation of a flexible road pavement (in operation on DN59C 
[3]) response will be described. It is made up of the following road layers, 
according to STAS 6400 [6] (see Figure 1): 

 
- road pavement – wearing course and capping layer – 7cm asphalt mixture; 
- base course – 15cm gravel; 
- foundation layer (layers), resistance layer – 10cm well-graded aggregate; 

 

 

 
7 cm asphalt mixture 
 
 
15 cm gravel 
 
 
10 cm old well-graded aggregate 

Figure 1. Composition of the studied road pavement [3] 

It is worth pointing out that the flexible road pavements require intense 
maintenance works, fact explained by the relatively reduced initial investment in 
comparison to the other types of road structures [3]. In the case of flexible road 
pavements, the distribution of the internal forces is realized on a relatively reduced 
area, and the internal forces are also felt at the level of the inferior layers, the level 
of the earthworks active area include. Figure 2 shows the distribution of the traffic 
generated stresses on rigid road pavements, and flexible or semirigid pavements 
respectively. 

The reason for choosing a flexible road pavement as a case study is the relatively 
reduced rigidity of these structures. This condition impacts negatively on their 
bearing capacity under the variation of the design factors.  
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(a) Rigid    (b) Flexible 

Figure 2. The effect of traffic stresses on rigid (a) and flexible (b) road pavements [8] 

3. DESIGN AND DIMENSIONING OF FLEXIBLE ROAD 
PAVEMENTS 

3.1 European design standards 

The dimensioning models of the flexible road pavements used in Europe are 
analytical and empirical methods [3]. The dimensioning criteria used by analytical 
methods are similar and based on the assessment of the specific elongation strain 
admissible at the bottom of the bituminous layers or the specific compression strain 
admissible at the road formation level. The dimensioning is based on the linear 
elasticity theory in order to calculate the values of tensions and specific strains in 
the critical points of the road pavement. The road pavements are considered 
horizontally infinite layers, on a semi-infinitely thick foundation ground. These 
layers are considered homogeneous, isotropic and having elastic behavior. The 
answer of the road pavement under traffic stress is based on the theory of 
multilayer modeling, which, due to significant simplifications concerning the 
mechanic behavior of the layers, shows some drawbacks: the materials in the road 
layers are considered elastic, homogeneous, continuous and isotropic; the layers are 
considered horizontally infinite, of constant thickness, making it impossible to take 
into consideration possible local discontinuities; it neglects the viscous-elastic 
behavior of bituminous materials and the vehicle-induced dynamic effects 
generated by the unevenness of the road surface [3]. 

In Romania, a standard vehicle is considered; the standard axle was defined in 
1985. This is characterized by the type, number of wheels, 115kN axle loading, 
57.5kN on double wheels, 0.625MPa tire-pavement contact pressure, 17.1cm - 
radius of the equivalent circular contact area [4]. 
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4. TRANSIENT RESPONSE OF THE PAVEMENT 

If the road pavement, regarded as a physical system, is subjected to external action, 
resulted from traffic, it will respond in a way determined by its composition. In our 
case, the physical system is made up of geometrically defined (by shape and 
position) road layers, their links and composition materials.  

The response of the structure depends on the nature of the traffic stress. As 
described above, the traffic has a dynamic character through the intensity variation 
in time (considered in the previous study), as well as through the shifting of the 
application point. Knowing the response of the structure implies the determination 
of the behavior of the loaded structure. The behavior is quantified by the 
calculation of unitary efforts, specific strains, and settlements respectively. 

The determination of the response, in this case, is realized with the help of a 
theoretical model, based on the modeling of the structure with finite elements, 
model which replaces the scheme of the structure with mathematical expressions 
describing its behavior. 

A very important issue, is the case of using mathematical and numerical models, is 
whether the response obtained is plausible from the quality point of view and 
accurate enough from the quantity point of view. The first question can be 
answered by using intuitive models to indicate if what was obtained through 
calculation is in accordance with the intuition and the engineering common sense. 
The second question is very difficult to answer and requires advanced calculation 
procedures. 

The determination of the pavement behavior is realized for a pavement scheme and 
not for a real structure. The scheme of the structure keeps only the essential 
features, adopting a series of simplifying hypotheses. The lower the number of 
simplifying hypotheses, the more complex the structure and the greater the solving 
difficulty, but the solution is closer to the accurate one. Generally these hypotheses 
refer to materials behavior, geometrical dimensions and shapes, boundary 
condition, element interactions etc. 

5. MATHEMATICAL MODELING OF ROAD PAVEMENTS 

Numerous disadvantages of the designing methods, based on analytical methods of 
the elasticity theory, introduced due to the simplifications can be, even if partially, 
removed by using advanced structural calculation instruments based on the method 
of the finite element. This approach allows the close to reality modeling of the 
stress and response conditions, by eliminating certain simplifications. 
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5.1 Description of the calculation program 

The present paper proposes a mathematical modeling to investigate the dynamic 
response of road pavements. The mathematical model is built with the help of the 
ABAQUS program. Lately, several studies in the scientific literature have used the 
numeric modeling of road pavements with the ABAQUS program, validating the 
results of the numeric simulations by those determined experimentally. This is a 
commercial program based on the method of finite elements. The ABAQUS 
program offers numerous advantages in road pavement analysis through a bi-
dimensional or tridimensional calculation, allowing both the linear modeling and 
the non-linear, elastic, viscous-elastic and viscous-plastic modeling of road layers 
considering different yielding criteria depending on the material type. The program 
allows the application of the loading both statically and dynamically by 
considering the dynamic characteristics of the response of the road pavement. If, in 
the case of analytical methods in the theory of elasticity, the space is considered 
continuous, in the modeling with contact finite elements the real characteristics of 
the interfaces between the road layers can be taken into consideration [7]. 

The ABAQUS program allows, through its two products, namely 
ABAQUS/Standard and ABAQUS/Explicit the solution of the analyses through an 
implicit, respectively explicit approach. 

5.2 Geometrical modeling 

Through the nature of the road pavement, the necessity to consider the foundation 
ground as a component of its response, the geometric modeling should consider the 
tridimensional character of massive structure with all the three dimensions of 
comparable size. This is done either through a modeling with spatial geometry 
elements, or through a bi-dimensional axis-symmetrical modeling (Figure 3). The 
spatial modeling results in a large dimension of the numerical problem and a very 
long time. The axis-symmetrical approach allows the a decrease of the problem 
dimension without neglecting the spatiality, but it is limited to symmetrical 
problems, symmetrical tests and obviously a fixed application point. In order to 
consider the mobile character of the traffic induced stresses, a plane strip can be 
taken into consideration (plane condition of strains) along the longitudinal axis of 
the road, loaded in its plane. 

The modeling of the geometry will be realized so that the depth of the model is 
larger than the active area. Even so, an accurate modeling of the reality requires the 
use of infinite elements. 
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Figure 3. Axis-symmetrical model of the road pavement 

 
Figure 4. Definition of the contact areas [1] 

5.3 Behavior laws of materials 

The analytical models, available to the designer, have the disadvantage of 
considering certain simplified material models - linear elastic, but the composing 
materials of road layers have a much more complex behavior. The use of the 

Foundation ground 
Gravel 
Well-graded aggregate 
Asphalt mixture 

Gravel – aggregate contact 
Asphalt – gravel contact 
Pavement – soil contact 
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ABAQUS program allows the input of behavior characteristics close to the real 
ones.  

The materials become deformed under stress. The deformation mode and its 
characteristics define the type of material. The deformations can be: elastic, plastic 
and viscous. For each of these patterns, the specialized literature describes 
analogous behavior patterns – Hooke patterns (elastic), Saint Venant patterns 
(plastic), and Newton patterns (viscous).  

The elastic characteristics of the layers are shown in Table 1. In the present paper, 
only the elastic characteristics of the materials have been used. 

Table 1 Elastic characteristics of the composing materials [3] 
Name of layer Longitudinal elasticity 

modulus E [N/mm2] 
Poisson’s 
coefficient 

Density 
[N s2/mm4] 

Asphalt mixture 3000 0.35 2.2 E-09 
Gravel layer 760 0.27 1.8 E-09 
Well-graded 
aggregate layer 

350 0.27 1.6 E-09 

Foundation ground 65 0.3 1.2 E-09 

5.4 Consideration of loadings and connections 

The traffic loading was modeled according to the provisions of the design standard 
PD177-2001 [4]. The “disadvantage” of the axis-symmetrical patterns is that they 
allow only the input of loadings distributed on circular areas. But this does not 
contravene the provisions of the standard which recommend a circular print with a 
171 mm radius, on which a pressure of 0.625MPa acts uniformly. The loading was 
modeled as constant static loading as well as a dynamic loading whose intensity 
depends on time (Figure 6 / Intensity of loading). 

The issue of road pavement modeling is reduced to the multilayer analysis of the 
infinite semi-plan. In the case of dynamic modeling, the modeling of a substructure 
(active area) and the introduction if retainers to prevent totally the freedom degrees 
can have negative effects. These effects show by overlapping the direct vibration 
waves, resulting from the direct action, and the reflected ones from the fixed edges 
(retainers). These can be removed by introducing infinite elements. They are also 
called “silent boundaries” (silent edge conditions) since they eliminate the reflected 
waves. Along the symmetry axis the perpendicular shifting and the circling in the 
modeled plan (xOy) were blocked, respecting the symmetry. 

The contacts between the road pavement layers and the road pavement and the 
foundation ground were modeled. It was considered that the foundation ground 
cannot take over the stretching stresses (contact-1), and any relative sliding cannot 
occur between the road layers (Figure 4). 
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5.5 Structure model 

The mathematical model was discretized using finite elements characteristic for the 
simulations on axis-symmetrical geometries, as follows: the layers of the road 
pavement with CAX3, CAX4R, the foundation ground with CAX8R, and the 
geometry of the infinite “semi-plan” with CINAX5R. The dimension of the finite 
elements is smaller, realizing a finer network of mesh in the vicinity of the loading 
(Figure 5). 

 
Figure 5. Meshing – shape and type of finite elements [1] 

5.6 Types of analyses  

In order to study the dynamic effect of the loading on the response of the studied 
pavement, the loading was introduced independent of time (constant intensity), in a 
first numerical simulation and dependent on time as a pulse (Figure 6), to 
reproduce the dynamic character. 

6. RESULTS OF THE NUMERICAL SIMULATIONS AND 
CONCLUSIONS OF THE ANALYSIS  

Figure 6 shows the graph of variation for the maximum settlement of the point in 
the symmetry axis of the wearing course, resulted from the numerical analyses. An 
increase by 1.39 is noticed in the case of the dynamic analysis. Table 2 presents the 
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specific stretching strain at the bottom of the bituminous layers (xx) and the 
specific compression strain at the formation level (yy). 

Table 2 Specific strains [1] 
Specific strain Static analysis Dynamic 

analysis 
Difference 
[%] 

xx 1,29E-05 1,67E-05 1,29 
yy -5,16E-04 -6,05E-04 1,17 

 
These results have made it clear that a simple static analysis considering a constant 
impact factor ([5] recommended the use a factor 1.2 for rigid road pavements) does 
not offer a correct answer for all the design criteria stipulated in the calculation 
standards. 

 
Figure 6. Results of the numerical analysis on the studied road pavement [1] 

 
Figure 7. Diagram of the settlement resulted from the static calculation [1] 
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Summary 

Stress in the pavement structure leads to all types of failures in road and runway 
surface. Pavement stress from foreign indicators of failure that the cause of 
loading, environmental factors, poor construction or a set of them pavement failure 
can be structural or functional. Structural failure requires detailed analysis of 
failure mechanisms and layers are contributing in pavement failure. Repairs are 
generally very expensive and runway pavement may require reconstruction. One of 
the common methods for studying of cracks derived from fatigues is fracture 
mechanics method. In this study, to evaluate the development of sample crack, the 
airport pavement was modelling by finite element software and the amounts of 
stress were measured at the crack tip. The results show that, by increasing the 
thickness of the layer of asphalt, the stresses and displacements are reduced. 

KEYWORDS: Numerical study, Runway cracking, fatigues, Crack initiation, 
Crack growth, Asphalt pavement. 

1. INTRODUCTION 

Ground facilities are an integral part of the airport which the most important ones 
are runway pavements. Since the airplane wheels is opened directly on the 
pavement system, the behaviour and status of pavement has an effective impact on 
the performance of pavement traffic. Therefore, having a good road system is 
essential affairs due to consider all design conditions [1]. 

One of the problems and failures of the pavement is cracking. Cracking is damages 
in flexible pavement, seen in most flying areas. There are several factors that cause 
pavement lead to cracking which traffic loads on the pavement that play most 
important role. On the other hand, the periodic nature of loading pavement causes 
appearance of a phenomenon known as fatigues in asphalt layer [2]. 

The phenomenon of fatigue in the pavement is the failure of pavement due to 
repeated load, temperature fluctuations or a combination of those two. This 
phenomenon appeared as cracks in pavement and it is the major events of asphalt 

https://www.google.com/search?q=Alireza+Fotouhi+Firouzabadi+Yazd+university&hl=en-IR&biw=&bih=&gbv=2&spell=1&sa=X&as_q=&nfpr=&ved=0CBEQvwVqFQoTCOybveTK-sYCFcg4FAodcJAFRw
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pavements in Iran and other countries of the world, especially in cold and 
temperate regions. 

Failure due to fatigue is the most important issues in the airport pavement design 
that has been under periodic loading. The occurrence of failure due to fatigue can 
be started from a small crack and crack growth continues somewhat, it will lead to 
failure. During the crack growth process from initial to final length can be express 
as fatigue crack propagation (FCP), that was numerically examined in this papers 
[3,4]. 

The fatigue cracking is one of the major problems in the long-term performance of 
asphalt. Nowadays, many researchers have been done to study the fatigue 
behaviour of asphalt pavement. There are various methods of fatigue analysis, 
which many of them are using now, and many do not provide accurate results in 
predicting the fatigue performance of pavements. As a result, the predicting of 
fatigue cracking continues as a main concern for engineers. The process involved 
parameters that a number of fracture mechanic and other related material are 
obtained by laboratory methods [5, 6]. 

In this paper, we examine the numerical growth of fatigue cracks in the runway due 
to airplane wheel loading, by finite element software. Finite element method is one 
of numerical methods for linear and nonlinear problems. This method has many 
advantages over other methods of numerical solution. 

Analytical solution for the many problems that have complex differential 
equations, special boundary conditions or non-linear terms is very hard, so the use 
of numerical methods increase very much the quality of the results. According to 
the previous content and the importance of cracks in the pavement airport from the 
safety perspective, this article reviews the results of previous studies and conducted 
with numerical analysis by the help of finite element software method has been 
examined from stress concentration in the cracking pavement runway.  

2. REVIEW OF LITERATURE  

Until now, many studies have been done to investigate the damages on the airport 
pavement and the effect of different types of airplane. Also in 2004, Kim and 
Tutumluer have carried out many experiments on the basis of passenger airplane 
and a few sample of military airplane in the studies lasting deformations pavement 
airport [7]. 

In 2005, Wang and Chia-Pei based on field research results in the Chiang Kai 
Sheck Taiwan international airport and generalize the results in three-dimensional 
environment finite element software, showed that the characteristics of the main 
wheels of the airplane on the amount of damage pavement has an important role 
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and it is effective on the useful lifetime of pavement and the thickness of the 
concrete pavement slab is effective [8]. 

In 2006, a study has been done by Joel on the some software of US aviation 
department, including LEDFAA and FEDFAA  by using the formers researches on 
the analysis, designing airport in the world and the required development or 
progress for future wide-body airplane, the following results were presented: It is 
required to predict the status of runway pavement in the future, by considering new 
generations of wide-body airplane and damage through each of them with above 
software in two and three-dimensional environment of finite element, as regards,   
the next generation of air plane are more heavy and larger. The number of wheels 
and their arrangements has more important with increasing total weight of the next 
generation airplane and the need to select the best type of geometric arrangement 
of the wheels by producers [9]. 

In 1999, the America Aviation department used field test with real scale and 
through related facilities to real simulation of the airplane movement. Different 
types of airplane in terms of arrangement of wheels, their weights and simulate the 
effects of each other on the pavement [10]. 

3. RESEARCH METHODOLOGY 

3.1. Introducing research place 

Early studies for the establishment of Kerman airport commenced in 1925, building 
construction activity has started in 1956. Start transferring passengers and carrying 
cargo occurred from 1970 with two flights from DC6 kind during a week between 
Tehran and Kerman and return. 

Kerman airport terminal has initial area of 600 square meters and length of the 
main runway 2,600 meters with a width of 45 meters and 2,000-meter secondary 
runway with width 45 meters. In 1981, lengthening operations and the cover of 
main runway  has improved with a length of 3845 meters, a width of 60 meters in 
which it has obtained in 1366 and delivered certainly in 1990. The current situation 
of airport pavement can be seen in the figure 1. 

3.2. Introducing modelling software 

ABAQUS software is used extensively in the automobile industry, aerospace and 
industry of manufacturing industrial goods. Also, this software packages due to 
extensive capabilities in modelling for various materials, as well as the ability to 
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customize it by programming, it is very popular in academic research area. 
Primarily, ABAQUS is designed for non-linear physical behaviour [11]. Overview 
of model has brought in Figure 2 after definition of crack and the manner of stress 
distribution.   

 

 
Figure 1. Overview of cracks in the Kerman Airport runway  

Mechanical and geometrical specifications for runway pavement layer were 
selected base on the table (1), it has been tried that they were close to realities of 
Kerman runway airport. Modelling has been done like three-dimensional and made 
model to prevent in the vertical and horizontal movement floor bed layer is 
completely closed. Crack like circle shape with length 40 cm were selected and 
with dimensions of 3 x 2.5 cm was chosen and for loading, wheeled Airbus A-320 
was used which has the most number of flights in Kerman airport. Analysis was 
considered with assumption linear elastic behaviour, materials of pavement layers 
and loading in static (non-dynamic). 

Table 1. Specifications of materials and geometry of pavement layer for flight runway 
The type of  used materials  Sub-base Base Asphalt Bed  

Density(kg/m3) 2200 2250 2300 1900 

E -Modulus of Elasticity (MPa)  470 1250 12500 155 

Poisson's ratio(υ) 0.35 0.35 0.3 0.45 

Thickness(cm) 45 30 20-30 200 
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a) 

 
b) 

Figure 2. Cracks width modelling on the airport’s asphalt runway and the manner of 
stresses intensity in uploading  

4. THE SIMULATION’S RESULTS 

4.1. Analysis model by changing the thickness of the pavement layer 

On the designed model, to determine the effect of pavement layer thickness that 
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this thickness is changed by covers frequent asphalt layer, the thickness of the 
asphalt’s layer once 30 and once 20 cm was considered (Figure 3) changes of 
tension was shown in this layer, the stress reduced from 7.34×105 to 5.22×105(Pa). 

4.2. Analysis model by changing the location of cracks in the surface layer 

To determine the effect of changes for cracks occurrence on the rate of the stress 
concentration, was evaluated in two issues, crack in the latter manner was located 
between the wheels of the plane. The manner of changing the level of tension is 
considered which is displayed in Figure 4. 

a)       b) 

Figure 3. Changing of stresses 

 a) 20 cm asphalt’s thickness   b) 30 cm asphalt’s thickness 
 

 
Figure 4. Changes intensity stresses with change location of cracking 



“Computational Civil Engineering 2015”, International Symposium 245 
 

5. CONCLUSIONS 

In this research was studied the aircraft wheel loading effect on stress at the fatigue 
crack by the finite element software. For compliance with real condition, crash data 
of the Kerman airport pavement actual was examined. Results show: 

1. According to adapt the results of modelling runways and loading airplane 
was determined, the model and conditions of work has been properly treated; 

2. In the first case, the thickness of the asphalt has changed, it can be seen that 
by increasing the asphalt’s thickness, displacement and stress levels was 
reduced with about 30%; 

3. In the second case, the crack displacement does not have effect on stress and 
moving. 

4. Continuous assessment of airport pavement and identification the rate of 
damage in the airport pavement, particularly cracks predicted the possibility 
of damage growth and reduction the life chances. 

It is necessary to mention that the results of this part of these studies include 
special case of a plane load and for different loading and the wheel movement is 
required to apply different load and the structural conditions in the software. 
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Summary 
Pavement naturally are deteriorating and eroding due to many traffics and 
environmental conditions. The prediction of pavement performance has an 
important role in efficiency of pavement management system. By understanding the 
process and the manner of reduction of pavement service can predict the necessary 
resources and arrangements to avoid accelerating process of degradation and 
deterioration. The deteriorated models are tools for predicting the future failure of 
pavement based on the current status, the causes of failure and the effect of different 
techniques of repair and rehabilitation for maintaining the level of performance and 
the status of its structure. In this paper, after stating the concepts of performance 
and deterioration of road surface, studies has been done in the past decade 
researches in the world, about Computational-Probabilistic Markov models,  
transition probability matrix extraction techniques, predictive models and their 
application in management of the road surface. 

KEYWORDS: computational chain Markov, deterioration of road, probabilistic 
predicting models, pavement maintenance management, semi-Markov model. 

1. INTRODUCTION 

Pavement naturally are deteriorating and eroding due to many traffics and 
environmental conditions. Doubtless, without adequate and timely maintenance, 
highways and roads in city and suburban severely will be declined and deteriorate.  
A good pavement management system requires a predictive model, an accurate and 
effective performance pavement [1]. By understanding the process and the manner 
of reduction of the pavement service can predict the necessary resources and 
arrangements to prevent from the accelerate degradation and deterioration. The mean 
of deterioration can be the type of changes for the status of pavement or changes in 
surface roughness or an indicator of a particular kind of damages such as during time.  

After the construction and implementation of the road surface, several factors 
depending on the type and severity of the effect, began to destroy and to decrease its 
ability to provide service. These factors can be divided in two general categories: load 
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(loads of traffic) and the environment conditions (weather and drainage conditions). 
The factors related to the design and implementation of road surfaces, including the 
type of materials, the correct design, methods and quality of implementation, also have 
considerable effects in accelerated pavement deterioration [2]. 

2. APPLICATION MODELS OF PAVEMENT DETERIORATION 
PREDICTION 

The most important part of pavement management represent the exact prediction of 
pavement failures during the pavement life cycle analysis; therefore, prediction 
failure of road procedures is a key factor in pavement management system [3]. 

The prediction rate of the road surfaces deterioration due to complexity identify the 
rate of pavement status or difficulty of collecting accurate data, especially in the 
absence of sophisticated equipment or highly skilled technical force, is very difficult. 
Various pavement maintenance systems are used around the world but, 
unfortunately, all these systems do not use a systematic method to determine the rate 
of pavement condition or determined experimentally the probabilities of transition 
state pavement [4]. 

A pavement performance prediction model has the different types which depending on 
management objectives, the richness of database and ease of use. Three main 
categories of these models include certain models, probabilistic and easy 
computational. The deterioration processes of pavement generally result from five 
parameters: pavement structure, traffic load, weather, modification history and quality 
construction. Many of these parameters are changed randomly and are not predictable; 
on the other hand, the interaction between these factors is uncertain, so the 
deterioration of pavement is completely random phenomenon and the probability [5]. 

Accurate models of predicted pavement performance and optimization models that 
properly designed are the key elements in a successful management at the network 
level. For the proper schedule in maintenance of road surfaces need to identify the 
behaviour of pavement & it’s vanish model and predict the pavement condition. So 
the level of network management, predictive models of pavement status to schedule 
inspections, life cycle costing, analysis, benefit / cost and budget planning and 
optimization are used and requires less accuracy [6]. 

3. THE APPLICATION OF MARKOV PROBABILITY 
COMPUTATIONAL MODEL IN THE DECADE 2004-14 

Some people related the start discussion of pavement management to tests of Osho, 
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in 1956 to 1960 that led to providing the concept of performance and capability of 
serving road surface. Halbrok and Vanhokov in 1974 measure and predict the 
performance of welded structural concrete pavement performance in the 128 projects 
with performance more than 15 years in Michigan State, used a variety of techniques 
such as Markov model. They concluded that the Markov chain approach has the best 
correlation with field data and in general not only for wide cracks but also for 
pavement of suture concrete is also a suitable method [7]. 

Dong Yang and Chang in 2004 on the basis of the analysis and data the status 
pavement highway, Shin-da China, Markov probability predicting techniques and 
the use of regression analysis was used to predict pavement performance. They 
concluded that the exponential function, pavement performance decreases with time 
and Markov’s predicting possible model has the range of application and specific 
limitations [8]. T.John and Pytalka in 2005 with a review of a 1000 km hypothetical 
networks and predict the future state of pavement base on Markov probability model 
and solve equation AX = B, with a deviation of 5.5 to 6.10 per cent (Figure 1) was 
obtained. The following figure shows differences between the values of the current 
pavement status and the predicted status. 

 

Figure 1. The real length and predicted the pavement status [10] 

Ortiz Garcia and Associates extracts the transition probability matrix of the data bank 
in 2006, proposed three nonlinear optimization problem and they asses by the six 
special artificial data bases: the first method assumes that the past data of pavement 
status for each part of the network are readily available [9]. 

The second methods uses regression curve derived from the original data and a third 
method assumes that annual distributions of pavement status are available. In this 
method, the aim of minimizing the difference between the actual distributions of 
cases derived from the recorded data with predicted modes by possibilities Transfer 
Matrix. 
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Minimize z = ∑ ∑ [at(i) − at
′(i)]

2
it subject to: 

 {
0 ≤ Pij ≤ 1 for i, j = 1, … , n

∑ Pij = 1 n
j=1  for i = 1, … , n

 (1) 

where 
at (i): the predicted state vector by transition probability matrix and 
a't (i):  actual state vector obtained of the recorded data at time t [10]. 

Chow and colleagues in 2008 compared with predictive models pavement 
conditions, by comparing the predicted conditions with observed actual conditions 
for a period of 5 years (2001-05) and use the database Ohio Department of 
Transportation, they concluded that Markov model has the highest prediction 
accuracy compared to other assessed models in addition to it can predict the amounts 
of PCR (the rate of pavement condition), damage road surfaces in the future. 

Figure 2 shows the difference between the predicted values of PCR (which is derived 
from the Markov model) and show real PCR values.   

 

Figure 2. The predicted PCR and PCRA real value (2002-06) [11] 

The accuracy of model has expressed by the root mean square error (RMSE) and 
coefficient expressed. RMSE is defined as follows: 

 RMSE = √∑ (PCRp−PCRA)
2n

i=1

n
 (2) 

where PCRP the predicted value of PCR, PCRA real value of PCR and n is the 
number of observations. The Smaller values of RMSE indicate more accurately 
model. The correlation coefficient indicates the rate of compliance between actual 
and predicted the PCR.  Full compliance has the coefficient of correlation [11]. 
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Abazai in 2011 with a case study on low-traffic roads, use Markov model to predict 
the failure rate road surfaces in the future as well as predict the required thickness of 
flexible road surfaces [12]. Lthan and Eddie in 2012 with an experimental study and 
by using real data in the world, use the hidden Markov models for modelling 
deterioration hide pavement (deterioration that is not directly measurable) used [13]. 

Uchwuat and MacLeod, in 2012 with comparisons between regression models and 
Markov chains in modelling the performance of road surface, achieved the following 
results:  

1. Advantage Markov models are that it can be calculated with a minimum of 2 
years of pavement condition data while regression models need more data.  

2. Markov models have the possibility that the expert’s opinion or Bayesian 
methods used in the development of pavement performance curves.   

3. The predicted data analysis with the actual performance data of pavement 
during the period of 6, 9, 13, 19 and 23 years showed that Markov models 
estimate the lower pavement performance. This issue is well shown in the 
figure (3) [13]. 

Figure 3. Comparison of Markov models and Regression by real data [13] 

Wang and colleagues in 2013 developed and implemented a network-level 
optimization model into a pavement management data system for the Ohio 
Department of Transportation as well as they predicted future status pavement based 
on past data and Markov’s transition probability model. This combined the 
optimized model, linear programming model and Markov’s transition probability 
model and has the following features [14]:  

1. Calculating the needed minimum funds to achieve the desired level of network 
status road surface,  

2. The creation of maximum improvement in the status of pavement network of 
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the allocated budge t, and 
3. Identify the relationship between optimized development policy and allocated 

budget. They concluded that the highway agencies can use this model as a 
decision support tool used to manage network-level road surface. 

Suman and Sinha in 2013, Markov chains and application of pavement quality index 
(OPQI) were used to predict the future state of road surfaces. The index is obtained 
based on a theoretical concept that includes all conditions process of the road surface: 

 OPQIk = 10 ∑ [1 − (1 −
CIi

10
) ∗ Wi,k]i=n

i=1  (3) 

where OPQIk - indicator of the overall quality of the pavement with a scale of 1 to 
10, CI - status indicator or malfunction indicator with a scale of 1 to 10, K -index of 
the pavement performance,  k mi,- index of status or failure of I, Out of the total 
number. n -Status Indicator = the total number of different types of failures or status 
indicators which is on the performance index, and Wi, k - the weight of any damage 
or index of status. 

Comparing the observed rate of status in 2011, with the predicted status rate in the 
same year was used for validating the model which is obtained by the developed 
failure model. The figure (4) demonstrates this problem.  

Figure 4. A performance of pavement predictive model [15] 

In 2011, the rate of pavement status was 8.6 that the observed value is 1.6 for the 
same year. This result shows that the developed model has the ability to predict the 
rate of future state of the pavement with an acceptable degree of accuracy [15]. 
Surendra Kumar & assoc. use the Markov possible process to develop a decision 
support system to predict future situation of pavement in 2013. They use Poisson 
method to calculate consecutive transition matrices and x2 inference test to assess 
the rate of compliance. Finally they conclude that the possible process of Markov is 
a tool for finding the manners of future pavement conditions in any given year, and 
it will help to find the optimal maintenance policy (due to budget constraints and the 
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current state of the road surface) [4]. 

4. CONCLUSIONS 

A good pavement management system requires a predictive model and accurate & 
effective performance of road surface. By understanding the process and the manner 
of reduction the pavement service can predict the necessary arrangements and 
resources to prevent the accelerated process of degradation and deterioration. The 
deteriorated models are tool for predicting future pavement failure base on the 
present status, the cause of failure and the effect of different techniques of repair and 
maintenance to maintain the performance level of structural condition the road 
surface. By reducing forecast error of deteriorate road surface, organizations can 
save the cost of a lifetime with intervention and careful planning. So the accurate 
models to predict deteriorate are very valuable tool for the road departments and 
organizations related to pavement maintenance. Some of results of this research are 
presented as below: 

- Since many researchers are interested in predicting the status of piece and  to 
acquire the deteriorate process of  special piece, in addition to innovation in the 
network should be analysed the length of road including many pieces of 
different indices, and the prediction process by Forecasting the desired length 
lead in the future. Accordingly, the analysis of cost of future repair and 
maintenance is also easily done. 

- Markov transition probability matrix is assumed to be constant over time that 
the assumption on the pavement does not conform to reality (homogeneous 
matrix). Therefore it is suggested to use the heterogeneous matrix with the 
ability to change over time due to the limitations of homogeneous Markov 
method, offered by the network is divided into different parts and defines the 
time zone for each of these segments and time intervals (period), extract matrix 
separately and combine them together to use to remove this limitation of the 
homogenization Markov method. Since the semi-Markov model, pavement 
repair operations also considered that it would be more compatible with the 
actual situation of road surfaces, the use of this model is recommended for 
future research. 
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Summary 

The climate behaviour suffers important changes as result of the impact with a 
rapid extension of the anthropic space. The abrupt modification of season 
temperature and severe wind storms are put in evidence now all over the world. 

Simulation of the dynamic effects of wind action upon the built environment in 
laboratory is a process of scaling at reduced dimensions of a complex combination 
of factors insuring similarity between the natural phenomenon and the one 
artificially reproduced. 

Usually, the design wind dynamic action on structures is identified with the so-
called extra-tropical depressions, specific for middle global latitudes; the 
atmosphere is considered neutrally stratified, the vertical profile is in equilibrium 
with the terrain roughness in A.B.L. The simulations of wind speeds and pressures 
in the boundary layer of the air moving at the surface of the earth are based on 
vertical profile of the mean speeds, turbulence intensity, spectral power and 
histograms of the recorded values. The analysis of data is based on the model of 
the wind speed in A.B.L. fairly considered as a random, stationary, Gaussian 
process.  

Lately, the observations put in evidence the fact that it is the strong winds 
associated with thunder storms along with the so called gust fronts that affect the 
built environment and that they are not stationary and Gaussian processes. The 
paper presents the analysis of series of measured speeds in the wind tunnel SECO 
2 at different time intervals, different sampling rates in different types of boundary 
layers, analyzing the possibility of reproducing some of the characteristics of the 
wind speed in a non-neutrally stratified boundary layer.  

KEYWORDS: wind tunnel simulations, wind profile in A.B.L., statistic 
distributions of wind speed 
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1. INTRODUCTION 

It is rational to think that, by improving the quality of the research background, the 
results of laboratory studies will increase in precision; this would further result in 
the coherence of the theoretical concepts. Almost all the studies developed by scale 
modelling of different structures in atmospheric boundary layer wind tunnels are 
based on the theories developed in the years of 1960 on the character of the 
dynamic action of the wind in the proximity of the ground surface. The formulation 
introduced by Davenport [1] on the design wind velocity acting on structures uses a 
time interval of averaging between 10 minutes and 1 hour, based on the 
representation of van der Hoven spectrum which points out the spectral gap 
separating the macro- and micro-meteorological peaks; the process is approached 
on statistical bases as a random, stationary, Gaussian process and the atmosphere is 
considered neutrally stratified, the velocity vertical profile being in equilibrium 
with the terrain roughness. Consequently, the intensity of the design wind velocity 
is established in a probabilistic framework, by safely assuming for the mean wind 
velocity a suitable return period. This whole theory is valid for the usually 
atmospheric conditions identified with extra-tropical depressions typical of 
temperate countries at mid-latitudes.  

The development of modern infrastructure of our society faces unpredicted 
confrontations with natural violent manifestations and the engineers’ awareness is 
increasing on the fact that thunderstorms and strong winds must play a key role on 
wind actions and effects on structures [2], because their extreme effects might not 
be estimated correctly in the first place. 

It seems that a more accurate definition is necessary, based on long and short time 
periods of observation of the interaction between the wind in the atmospheric 
boundary layer and the structures placed on the ground. Indeed, which is called 
now as “mixed climate” refers to “a climatology in which wind phenomena of 
different nature coexist” [3]. 

The most aggressive frequent manifestations, thunderstorms, are phenomena of 
convective nature and by the rapid air downburst directed to the ground level, 
radial outflows of air are directed all around and generating burst of different size, 
macro and micro. It is obvious and already stated in published research papers that 
these events are characterized by a random process of velocity which is non-
stationary and non-Gaussian; in particular, the vertical profile of the velocity is 
nearly independent of the terrain roughness and has a typical nose shape fully 
different from the shape that characterizes extra-tropical depressions. It is now 
widely recognized that wind phenomena with a return period greater than 10–20 
years are often associated with thunderstorms. 

Recent studies show in addition to extra-tropical depressions and thunderstorms, 
another wind phenomena of intermediate properties, also called “gust fronts” [4], 
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[5], for which the wind velocity tends to be stationary but not Gaussian. For this 
kind of manifestations of wind action, the mean velocity is rather limited but 
turbulence is very high and causes peaks of relevant intensity, the velocity records 
showing high atmospheric instability. 

The basic study of wind velocity and the structural response in these combined 
situations is dependent on the huge amount of data available up to now, obtained 
from atmospheric neutral stable phenomena with regard to extra-tropical 
depressions and disregards by quasi total lack of information the later observed 
phenomena, associated with the instable atmospheric conditions. 

If the studies in boundary layer wind tunnels regarding wind effects on structures 
will admit the mixed climate existence, then appropriate simulations should be 
taken into account. Knowledge on this respect must have in view the characteristics 
of the wind action in instable atmosphere along with all the implications included. 
The basic studied feature of the wind velocity random process would in this case be 
the possibility of associating it with the statistic attributes. 

UPDATES IN WIND SPEED MEASUREMENTS 

2.1 Wind velocity measurements at site 

The raw data regarding wind speed and directions of action are obtained through 
standard methods. Anemometers placed in open fields, quite frequently in the 
proximity of airports are able to gather wind velocity values averaged from seconds 
to 1 hour simultaneously with the direction of action at 10 meters high above the 
ground. The recorded raw data are further transmitted and afterwards transformed 
into more datasets associated with different wind phenomena.  

The wind velocity characteristics measured at site are: 
- the fundamental reference speed, which is a mean value obtained by 

averaging over 10 minutes period the values obtained from the anemometer, 
without considering the direction of action and the season and determined at 
10 meters above the ground level on a standard terrain of II category of 
roughness, [6] and [7] ; 

- correction factors because of the variation of the wind intensity with the 
direction and also with the season; 

- the correction factor that takes into account the annual probability of 
exceeding the mean speed obtained from averaging the measured data over 10 
minutes, determined with [7]: 
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All the data concerning the reference values of the wind speed and pressure for 
different particular sites are presented in Eurocode and in the annex to Eurocode 
referring to national specific values. And although these data contain sets of 
maxima values during 10 minutes records, daily,  annual or even the absolute 
maximum from the period of observation (in Romania being between 20 to 50 
years), they do not include information concerning the synoptic nature of the event 
that covers the period when these values are determined [7]. 

The modern trend of analysis of the wind maxima manifestations based on 
observations gathered at meteorological stations, discards the events into three 
families of properties, all being specific for the random processes, likewise: 

- - events characterized by stationary and Gaussian nature for which the 
common features are the relative large values of the mean speed and small 
values of gust factors; they are extra-tropical depressions, related to neutral 
atmospheric conditions (no significant transitions occur inside the boundary 
layer); 

- - non-stationary and non-Gaussian events, like the typical thunderstorms or 
strong winds for which the mean speed values are small but the peak values of 
the velocities and the gust factors are large; 

- - events situated between these two mentioned above, called gust fronts 
accompanying the unstable atmospheric conditions; they are stationary but 
non Gaussian. 

The definition of a stationary event refers to time periods from 10 minutes to 1 
hour. The normal or Gaussian distribution of the wind speed data is adopted in 
connection with other processes that define the random nature of climate actions in 
particular and in general within the study of the safety design of structures based on 
the semi-probabilistic model. 

It must however be mentioned here that while the data recorded by the 
anemometers could be analysed with the help of the Gaussian distribution, the 
reference or characteristic values of the wind speed provided by the codes for 
practice for the structural design are given in terms of maxima values, that may not 
be described by a Gaussian distribution, but typically by a Gumbel distribution. 

The internal structure of the random process of wind speeds at site is usually 
studied starting with the histogram of the wind speed measures, compared with the 
ideal Gaussian density matching the mean wind speed and the standard deviation. 
As already mentioned above, it then is important to adjust the data obtained via at 
site measurements which are represented by the maxima values and analyzed by 
Gumbel maxima functions of distributions. 
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The analysis of similar recordings at site data, like the prodigious work of Solari 
and al. [2] are facing similar situations and they are not clearly statistically defined. 

New methods of analysis are elaborated based on Cook’s observations on storms, 
[8] trying to isolate the heterogeneous events from statistical monotonic data; it 
resulted into series of observations of wind speeds that exceed particular values of 
speed (threshold speeds) over specific subsequent time periods, for ex. 10 hours. 
This period marks an increase or a drop down of wind speed values and two 
sequential drop-down periods mark clearly a period during which a windstorm 
occurs, for example the threshold speed values that mark a lull are chosen as to 
take into account almost 100 storms per year; further analysis of the consequences 
are not developed yet. 

The specific case of at site measurements on which we rely here is a set of raw data 
obtained from the National Meteorology Agency (A.N.M.H.) and concerns 10 
years period of observation, from 1997 to 2006 in a standard II category of terrain, 
the airport of Iasi. 

There are two types of data: averaged values from 10 minutes velocities recorded 
daily every 6 hours and peak velocities (the maximum successively recorded on 3 
seconds intervals, a final maximum for a 10 minutes interval being chosen). Part of 
these data were already processed during a research program [9] and some of the 
results published [10], but further analyses must be developed regarding aspects 
related to the subject discussed here.  

Table 1. Distribution and classification of maximum speed values over the period of 
observation 

Year 
Mean 
speed 

Vm 
STD, 

Maximum 
value, 
Vmax 

Minimum 
value, 
Vmin 

Gust 
factor, 

G= Vmax/ 
Vm 

Skew Kurtosis 

1997 15.8333 4.03801 24 10 1.515789 1.177681 1.103828 
1998 13.8333 1.90758 18 12 1.301205 0.853621 -0.01385 
1999 15.3333 2.21108 20 12 1.304348 0.787296 -0.05455 
2000 13 1.73205 18 12 1.384615 2.211083 5.323457 
2001 13.4793 2.88942 24 10 1.780502 1.389032 1.991126 
2002 13.3065 2.97817 25 10 1.878771 1.269169 1.925171 
2003 13.3885 2.63360 22 10 1.643202 1.090796 1.930703 
2004 13.1377 2.73249 22 10 1.674572 1.032397 0.617493 
2005 12.9593 3.14008 24 0 1.851944 0.599442 3.183838 
2006 12.7863 3.00129 28 6 2.189850 1.214529 4.229297 

Some important knowledge must be mentioned: 
- the Romanian code recommendations NP-082-2004 previous to the release of 

Eurocode 1, EN 1991-1-4/2004 gives the statistical description of the wind 
speeds based on  27 successive years of observations in terms of 1 minute 
wind speed, 1 absolute maximum value/year, the mean of yearly maxima 
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values and the skew coefficient of the Gumbel distribution; also, the 
characteristic value (probability of not being exceeded of 0.98) for a standard 
return period, T = 50 years; 

- the correlation of the skew and kurtosis coefficients of the yearly maxima on 
the Romanian territory corresponds to a period of time of 20….50 years. 

The analysis of the distributions of yearly wind maxima speeds along the period of 
observation provided the values for the statistic indicators (Table 1): 

The graphical representation of the distributions of measured data per year 
confirmed the Gumbel shape for maxima type of distribution (Figure 1 a, b): 

 
a                                                                       b 

Fig 1. Distributions of daily maxima speeds at site (Iasi) per year of observation:  
a- 1997; b- 1999 

The distributions of mean speeds are presented in Table 2. 

Table 2 Statistical data of the standard mean speed data measured at natural scale (Iasi 
airport) on 10 minutes period of averaging 

Year Mean 
speed Vm 

STD, Maximum 
value, Vmax 

Minimum 
value, Vmin 

Gust factor,  
G= Vmax/ Vm 

Skew Kurtosis 

1997 3.0 1.8912 11.5 0.0 3.833 1.2670 2.3521 
1998 2.8 1.7256 12.0 0.0 4.285 1.2149 2.5898 
1999 2.7 1.6757 12.3 0.3 4.555 1.3939 3.5870 
2000 3.0 1.6488 13.5 0.3 4.5 1.3780 4.1562 
2001 2.9 1.2708 10.0 0.8 3.448 1.5205 4.0408 
2002 2.8 1.2716 9.5 0.3 3.393 1.7498 5.1074 
2003 2.9 1.2060 9.0 0.5 3.103 0.9302 1.4403 
2004 2.8 1.3250 9.5 0.3 3.393 1.4729 3.1467 
2005 2.7 1.2782 8.0 0.5 2.963 1.2322 1.6540 
2006 2.6 1.1855 7.5 0.3 2.884 1.0477 1.4864 

A graphical representation of the processed data brings to light some peculiar 
distributions that may be considered as anomalies, like the mean speeds presented 
below; being random values, we may admit that there are always possibilities of 
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not obtaining the expected distribution, usually due to the lack of sufficient number 
of data. But similar results of the analysis developed in the succeeding year might 
motivate a second thought (Figure 2 a, b); inside the observation period the 
successive periods of lulls are separated by a storm and the whole interval becomes 
non stochastic and non-stationary. 

The conclusion is that these data do not correspond to the same conditions from 
atmospheric or synoptic point of view; more clearly, they do not characterize a 
neutral stable atmospheric event. 

  
                                         a                                                                   b 

Fig. 2. Distribution of the mean speed data per year: a- year 2001; b-year 2002 

2.2. Wind velocity components 

Wind manifestation in neutral stable atmosphere is described by the in-wind 
dynamic velocity u of the turbulent flow at a certain height; it is expressed by a 
relationship between the time varying mean velocity, )(tv  and the fluctuating 
component of v, )(~ tv respectively: 

      tvtvtv '  (2) 

Although a random process, the fluctuating velocity has a quasi-deterministic 
nature being driven by the mean value at large scale; the quantity linked to the 
atmospheric turbulence, is a small scale random function: 

         tutvItvtv ~1   (3) 

where Iv is referred to as the time-varying turbulence intensity: 
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The basis of the analysis of wind speeds in the three different kinds of 
manifestations relies on this decomposition because: 

- in the case of neutral stable flow the mean wind velocity, the standard 
deviation and the turbulence intensity Iv are referred to a time interval T = 10 
minutes and, on such interval, they are constant quantities and the reduced 
fluctuating wind velocity is a random stationary Gaussian process; 

- however, in the case of thunderstorms, the mean value averaged over a 10 
minutes interval is not representative. 

In the modern literature scientists operate with time varying mean velocity values 
and moving average period T [11], for ex. 20 seconds between two extreme 
situations; if too large, it may be influenced by the general trend of the mean value, 
if too small the mean part of the velocity is contaminated by the turbulence 
fluctuations at small scale. 

- in the case of gust fronts the mean velocity, standard deviation and turbulence 
intensity extracted from 10 minutes averaging interval are also constant but 
due to the imbalanced wind flow momentum.  

Differently from extra-tropical depressions and also from thunderstorms, however, 
the reduced fluctuating wind velocity is a random stationary but non-Gaussian 
process. 

3. STUDIES IN ATMOSPHERIC LAYER WIND TUNNEL AND 
RESULTS 

3.1 Simulation of wind velocities in wind tunnel  

The simulations of wind flow in atmospheric boundary layer at reduced scale are 
always a difficult task and it seems that they raise endless subjects of study. In 
reverse, there are several advantages in modelling at small scale and between them 
one of the most relevant is that we may fully control the characteristics of the flow 
inside the tunnel.  

The events that reproduce the wind action at small scale in tunnel are theoretically 
based on the status of relative equilibrium of the dynamic pressure inside, defining 
the neutral stable atmosphere; in the neutral stable atmosphere a quasi-stationary 
flow is characterized by quasi deterministic values of the mean speed and of the 
turbulence intensity. Still, even for a specific constant roughness, constant values 
of the wind velocity are not expected, the process remaining random. 
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The most important aspect in modelling is perhaps the sampling rate since the scale 
depends on the relationship between the in space geometry and the time: 

 
s
TV

s
LTVL PPP

MMM


  (5) 

where LM(P) , VM(P) , TM(P) and s are the relevant geometric dimension, the speed and 
the time of the model and of the prototype and s is the scale ratio. While the 
geometry and the speed limits depend on the possibilities of the tunnel, the time 
may be adjusted as to fit the scale.  

As both geometric dimensions (length scale) and the period of time associated with 
an event are reduced to fit the model scale (for ex. from 1/50 to more than 1/400) 
then adjusting to this scale means to increase the frequency of data acquisition.  

Based on the assumptions previously stated regarding the Gaussian distribution of 
the stationary wind velocity, there are conversion relationships of speeds for 
different averaging time intervals [7]: 

  
sec3min1min101 67.084.005.1 refrefref

h
ref VVVV   (6) 

As stated before, data acquisition in the wind tunnel laboratory is mandatory and 
depends on the characteristics of the equipment which converts the speed or 
pressure signal into analogue data. The analogue data are transformed into digital 
data, these processes being electric signals. 

The frequency of data acquisition in the laboratory corresponds to the possibilities 
of measuring electrical signals and high frequencies are the most usual. A 
consequence of the sensitivity of the measuring equipment to higher frequencies 
consists in reducing the time of acquisition, which is consistent with the principles 
of scale modelling; indeed, the time of observation is contracted in the wind tunnel 
in comparison with the periods of observation at natural scales, in order to fit the 
scale criteria. Another consequence is that, in reducing the time of acquisition in 
the tunnel, we practically induce the probability of producing sequential events 
which will not replicate themselves integrally, reflecting the character of random 
process although characterized by expected (“deterministic”) values of mean 
velocity and gust values, the result of the expected turbulence and roughness 
length, respectively.  

Still, experiments in wind tunnel rely on expected values of wind speed and 
pressures; they are the keystone of a reliable wind action reproduced at scale and 
consequently, should satisfy all the criteria imposed by both theoretical (scientific) 
concepts and practical experience.  

The experience in these directions shows that although higher frequencies of 
acquisition are necessary, longer periods of acquisition are nevertheless desirable 
because they offer more realistic values of the statistic descriptors. 
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In the context of extending the knowledge for modelling different modes of 
manifestation of the wind action in wind tunnel, the time of acquisition and the 
frequency of sampling have their key role to play. Modelling the wind speed at 
small scale is mandatory and the calibration of the measured data is based on the 
reference values of full scale speed and pressure; the standard reference is to fit the 
scaled speed to the mean wind speed at 10 m above the ground level on a II 
category of roughness terrain. 

According to the method adopted by Solari on data obtained from the anemometers 
[2], a prior splitting the samples in time intervals scaled to 10 minutes in nature 
followed by the statistical processing these data on these successive intervals is a 
possibility to put in evidence the parts of the event which are stationary and the 
non-stationary part as well. Although the phenomena that determines the 
manifestations of storms or of gust fronts are mainly of convective nature and air 
convection is difficult to be modelled in wind tunnel, their effects observed at 
natural scale may be artificially reproduced in wind tunnel in the conditions of 
similar model of wind action random manifestations. 

3.2 Experiment and Results 

The study presented herein is developed in the boundary layer wind tunnel SECO 2 
belonging to the Laboratory of Building Aerodynamics of the Faculty of Civil 
Engineering and Building Services. It refers to the simulation of the wind flow over 
a terrain with moderate roughness, corresponding to a mean speed profile with the 
power law exponent  = 0.28 (see Figure 4) and the acquisition of sets of along 
wind speeds with the specific equipment. 

  
Fig. 3 View inside the BLWT: a) system for generating the turbulence of the flow over an 

II category of terrain; b) equipment for acquisition of wind velocity 



“Computational Civil Engineering 2015”, International Symposium 265 
 

The characteristics of the wind flow in the simulated boundary layer are presented 
in the figure above, being in concordance with the reference natural conditions, 
exponent of the mean wind speed profile and the turbulence intensity. 

The acquisition of the wind speed is run at the reference height in laboratory for a 
time period of 2 minutes with a sampling rate of 1/sec, depending on the 
performance of the equipment, but also because we had in view the statistic 
distribution, not necessary the maxima values of the velocity. Data were processed 
over the total period of time, respectively over sequential 10 sec. time intervals. 
The 10 seconds extension of the periods was decided with respect to a 
1/200…1/300 reduced scale of the time, corresponding to the hourly mean speed 
but also by knowing that the 10 minutes reference period at full scale would 
correspond to a period of 1…2 sec, reducing the number of sampled velocities to 
no more than 1 or two samples. 

(a) 

(b) 

Fig. 4 Characteristics of the simulated wind profile in wind tunnel: a) in-wind mean speed 
profile (exponential law); b) in wind turbulence intensity, Iv 
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At this point it has to be mentioned that for a representative model of the peak 
values recorded in nature at intervals of 10 minutes or less, the frequencies of data 
acquisition must be much higher than 1 Hz.  

The results of the statistic processing of the data are presented in Figure 5; the first 
two records are the random values of the velocity v{t} during 120 seconds at 
heights that correspond to the full scale reference height (10 m) for the reduced 
scales of modelling common to the wind tunnel SECO 2 (1/200…1/400). 

The records in Fig. 6 are obtained after processing the velocities measured closely 
to the top part of the tunnel; the turbulence of the flow in that part is under 10%, 
the flow becoming close to laminar, in concordance with the models of turbulence 
in boundary layer wind tunnels. 

 
                                      a                                                                    b 

Fig. 5. Recorded values of the velocity in the wind tunnel and the statistic distributions: a) - 
at 1 cm height; b) - at 6 cm height 

A synthetic analysis of the statistical processing of the velocities measured in 
laboratory was developed. It was meant to put in evidence the statistic descriptors: 
mean values, standard deviation, ratio of maxima related to mean values (gust 
factors), skew and kurtosis. 
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a                                                              b 

Fig. 6 Recorded values of the velocity in the top part of the wind tunnel and the statistic 
distributions: a) - at 70% of the total height of the tunnel; b) - at 85% of the total height 

For a comparison between the standard velocities measured at full scale and the 
velocities measured in wind tunnel, the values obtained at a reference height (at 10 
above the ground in nature) are presented in Table 3 below. 

Table 3 Analysis of speeds measured at reference heights in nature (10 m) at time intervals 
corresponding to 1 hour (about 10 sec in laboratory)  

Crt. 
Int. 

Mean 
speed 

Vmean,10 
(m/s)/10 
sec time 
interval 

Peak speed 
value, 
Vpeak,10 

(m/s)/10 
sec time 
interval 

Gust factor, 
G=Vpeak,10/Vmean,10 Skew Kurtosis 

 1cm 6cm 1cm 6cm 1cm 6cm 1cm 6cm 1cm h=6cm 
1 2.40 3.40 3.15 4.42 1.3086 1.2984 0.7946 1.0209 -0.0084 1.7747 
2 2.51 3.45 3.1 4.44 1.2335 1.2843 0.0734 0.7684 -0.2338 0.3655 
3 2.41 2.86 3.1 3.36 1.2841 1.1715 0.6370 0.2247 -0.4754 -1.1955 
4 2.41 3.09 3.15 4.38 1.3070 1.4174 0.6500 1.2859 0.40294 0.8822 
5 2.66 3.07 3.1 3.73 1.1627 1.2165 -0.7597 0.0766 -0.1078 -0.8996 
6 2.21 3.16 2.66 4.29 1.2014 1.3558 -0.0446 0.8394 -1.7390 -0.7096 

7 2.40 3.08 2.9 3.82 1.2043 1.2378 0.3754 -
0.2352 0.7633 0.5111 

8 2.25 3.16 3.3 3.61 1.4679 1.1431 1.5821 0.6924 1.4010 -1.201 
9 2.37 3.22 3.15 3.57 1.3291 1.1076 1.5821 -0.779 1.4010 -0.667 
10 2.32 3.24 2.94 3.57 1.2694 1.3277 0.1530 0.5911 0.9335 0.3243 
11 2.46 2.95 3.13 4.04 1.2713 1.3681 0.4791 1.1148 -1.1672 0.5482 
12 2.49 3.27 3 3.86 1.2057 1.1782 1.039 0.1953 0.4373 -1.571 
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4. CONCLUSIONS 

Solari’s work is based on continuous measurements with modern anemometers and 
an extensive acquisition [ 2]. A typical 1-hour sample of a stationary and Gaussian 
event recorded by the anemometer displays relatively high mean wind velocity 
(mean velocity averaged on one hour is 12.94 m/s and a 1 second gust peak is 
20.40 m/s), the turbulence intensity 0.16 corresponds to a standard II category 
terrain and the gust factor, G of 1.58 is typical of neutral atmospheric conditions; 
the value of the skewness over one hour record is -0.08 and the kurtosis is 3.25 
confirming the Gaussian distribution. 

Records of thunderstorms displays lower mean velocities high peak values and gust 
factors of more than 2…3 and a non-Gaussian distribution; in the case of gust 
fronts the same low mean values, high gust factors but skewness and kurtosis 
denote a moderate non Gaussian distribution. 

Finally, a very important aspect is that the turbulence intensity varies with the 
intensity of the event, increasing in the case of the thunderstorms and the gust 
fronts. 

The raw data from Iasi airport are not the result of continuously records; the result 
consist in successive separate events with mean and maxima values of very 
different level of intensity of the whole measured values during a specific event, 
the identification of certain specific characteristics is possible.  

NP 082 presents the following data for Iasi, by artificially extension of the 
observation period: maximum speed of 40 m/s, which is also the characteristic 
value for 0.98 probability of non-exceeding, mean of maximum speeds/year, 22 
m/s and skewness 0.3. 

From the data gathered at site and averaged on 3 sec periods, presented in Table 1,  
it is not possible to put in evidence these standard data; still the similarity with the 
data presented by Solari is evident, mainly the G values, the skewness and kurtosis. 
In Figure 1 a, b typical Gumbel maxima distributions may be observed. The 
statistical descriptors in Table 2 show the random process of the wind speed; the 
low mean values and high maxima values, the gust factors of more than 2, up to 4.5 
are not uncommon, these values being associated with wind pressure local or 
global coefficients in the codes of design to wind action [6]. But these values show 
that whether continuous observations were developed, similar values to the ones 
reported by Solari and associated with wind manifestations other than those 
developed in neutral stable atmosphere. In this case steps for identification the 
thunderstorms and the gust fronts must be done by site observations at natural 
scale. 

A mixt climate at small scale in laboratory may be identified if the statistic 
descriptors that characterize it are known with a relying degree of accuracy. The 
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simulation described in par.3 displays a general aspect of a Gaussian event, being 
described as stationary and stochastic. The values of the gust factor G of about 1.5 
close to the reported values of the maxima wind velocity distributions and the 
shapes of the distributions presented in Figure 5 a, b show the asymmetry of 
Gumbel distributions. But the asymmetry varies at least with respect to the position 
on the height of the tunnel, being both on left and on right side; sometimes the 
process is symmetric. 

In the study however, the analysis of the wind velocities recorded in fix positions 
in the wind tunnel (at 1 cm and 6 cm height, respectively) was developed by 
separating the period of observation in time intervals in order to observe the 
succession of the events. From Table 3 it may be seen from the II and III order 
moments of the statistical distribution, the skewness and the kurtosis, that the 
processes have alternative asymmetries left and right. During the time intervals 
quite symmetric distributions are put in evidence, the statistic indicators of 
skewness and kurtosis showing a Gaussian process which characterize neutral 
stable events; but they alternate in time with asymmetrical processes. Although the 
nature of these events in the wind tunnel is not the same as the one that governs the 
synoptic dynamics, it is important to understand there meaning and their possible 
role of alteration of the simulation. 

On the other hand, if more extensive data acquisition is available describing non 
neutral stable atmosphere events, the simulations can take into account this fact by 
modelling the process in the wind tunnel by adjusting the time intervals when 
measuring the speed and the turbulence scales.  

More accurate statistical processing of the simulated events is a step further in 
modelling the natural events that affect in a most unfavourable way the built 
habitat.  
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Summary 
Assessment of student learning is a critical step for achieving a quality learning 
environment in construction/civil engineering education. Proper assessment 
strategies are also significant drivers of the paradigm shift from instruction based 
education to learning based education. Additionally, accreditation requirements call 
for programs to “implement and support a systematic and broad-based approach to 
the assessment of student learning”. 

The paper will review and compare the two major points of view on student learning: 
the constructivist instructional reform and the measurement/technical quality 
approach. The two methods of measuring student learning (summative evaluation 
and formative evaluation) will be described.  

Even if on-line assessments of student learning use typical summative evaluation 
tools like tests, quizzes and surveys, they can also be categorized as formative when 
used constantly during the semester (i.e. practice tests or quizzes).  

For the past three years the author has been the principal instructor for CONM150 
“Heavy Construction Equipment” class which is taught to Construction 
Management (CM) freshmen. After two years of using traditional assessment 
techniques, in spring 2015 the instructor adopted Blackboard Learn (BB) as a course 
management software. Class assessments were exclusively offered through BB. The 
paper will cover the way in which assessments on BB were designed. A list of lessons 
learned will be presented based on grade comparison and also on the students’ 
feedback and comments. 

KEYWORDS: Instructional Paradigm, Learning Paradigm, Accreditation, Quality 
Learning Environment, Student Assessment, Blackboard Learn. 

1. INTRODUCTION 

Higher education in the 21st century is characterized by a dramatic change from the 
“instruction paradigm”, where the mission of the college is to deliver (50-min) 
instruction to students, to a new “learning paradigm” which envisions the institution 
itself as a learner-over time [2]. The ultimate goal of this transformation is to improve 
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efficiency and effectiveness of learning through the change in emphasis from 
objective-based/input-based education to outcome-based education [4]. 

The growing importance of transparency and accountability that characterizes the 
new paradigm has led to increased demands for colleges and universities to engage 
in outcomes assessment [13]. Institutions of higher learning started to design new 
program structures, identify desired learning outcomes, determine ways to align and 
attain their outcomes through revising course content, provide pedagogical training 
for faculty, adopt a variety of teaching and learning methods, and devise appropriate 
assessment criteria and methods [4]. 

Another important driving force towards the design and implementation of a proper 
assessment system in US (engineering) education was the Accreditation Board for 
Engineering and Technology (ABET) which specifically requires the education 
institutions to set in place “an assessment and evaluation process that periodically 
documents and demonstrates the degree to which the program outcomes are attained” 
[1]. The data and evidence accumulated through assessment practices will further be 
interpreted and will result in and evaluation process whose final goal is to determine 
the extent to which program outcomes or educational objectives are being reached; 
the end result of this process will be decisions and actions taken to improve the 
program and achieve higher quality education. 

As far as assessment history is concerned, four major components influenced 
assessment practice in the past century: psychometrics (the measurement of skills 
and knowledge, abilities, attitudes, personality traits, and educational achievement), 
theories of cognition, the nature of curriculum, and the sociopolitical context of 
education [10]. Consequently assessments were directed towards checking whether 
students can perform according to certain predefined measurements of appropriate 
responses and were routinely carried out to estimate the strengths and weaknesses of 
students. In the 21st century these type of assessments show little effectiveness in 
contributing to improve the educational outcome.  

2. CONSTRUCTIVIST VS TRADITIONAL APPROACH 

Two main teaching approaches are coexisting in the 21st century academic system: 
the traditional (instructor centered) teaching and the progressive (student centered) 
constructivist approach. Present pedagogical approaches make use of a mixture of 
both systems depending on the requirements and configuration of a particular class, 
on the subject taught, on the instructor’s own beliefs and also on the administrative 
policy of the college itself.  

2.1. The traditional approach in teaching 
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The most common approach at university level remains the traditional teaching 
approach that is using the lecture method (Figure 1a). Traditional instruction is based 
on a theory of learning that suggests that students will learn facts, concepts, and 
understandings by absorbing the content of their teacher's explanations or by reading 
explanations from a text and answering related questions [11].  

This approach has been criticized lately for the unilateral transfer of information 
from instructor to the (passive) students. In the traditional approach instruction is 
strictly based on a fixed curriculum, curriculum which will rely mainly on textbooks. 
The approach is instructor centered showing reduced level of student choice, 
involvement and/or interaction. The instructor has total authority and decision power 
on the selection of subject matter (based on the Syllabus), structure presentation, 
teaching methods and pace. 

2.2. The constructivist approach in teaching 
The constructivist approach (Figure 1b) is based on a theory of learning that suggests 
that understanding arises only through prolonged engagement of the learner in 
relating new ideas and explanations to the learners’ own prior beliefs [11]. 

Figure 1. Traditional teaching approach (a) vs constructivist approach (b) 

Some distinctive characteristics of constructivist teaching according to Kim [7] are:  
• Students are encouraged to engage in free discussion, ask questions, share and 

test own ideas and be innovative; 
• Students are invited to generate ideas even before any instructional material is 

presented to them; 
• Students are encouraged to challenge and/or use different concepts and ideas 

after a thorough reflection and analysis; 
• Instructional strategies are changed to enhance students’ thought, experience 

and interests. 
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2.3. Teaching Approach in (Construction) Engineering 
Student success can be achieved if the teaching style will match the students’ 
learning styles. From the 32 student learning styles identified by researchers, the 
usual methods of engineering education tries to address five main categories: 
intuitive, auditory, deductive, reflective, and sequential.  

Most engineering courses will favor the intuitive learners by emphasizing concepts 
rather than facts and through using primarily lectures and readings (words, symbols) 
to transmit information. But the majority of engineering students are sensors (hands-
on, practical learners), suggesting a serious learning/teaching style mismatch in most 
engineering courses which might result in low test grades, unresponsive classes, poor 
attendance and dropouts [6]. 

Some of the teaching techniques recommended to be used in engineering in order to 
address all learning styles and enhance student education according to Felder are [6]: 

• Motivate learning; 
• Balance concrete information and abstract concepts; 
• Balance practical-problem solving methods with fundamental understanding; 
• Provide explicit illustrations of intuitive patterns and sensing patterns; 
• Follow scientific method in presenting theoretical material; 
• Use pictures, schematics, graphs and show films; 
• Use computer assisted instruction. 

3. TYPES OF ASSESSMENTS 

3.1. The need for assessment 
Assessment of student learning is an intrinsic part of the learning process as a whole 
and one of the most powerful tools used both for feedback and for advancement of 
instruction. In tandem with the paradigm shift in education the approach on 
assessment has also evolved from the traditional assessment of learning towards the 
assessment for learning. Assessment is also an influential tool that drives student 
learning as students allow assessment define and prioritize what is important to learn, 
and ultimately how they spend their time learning it [9]. 

Figure 2 below shows the four eras of progressive evolution of learning assessment 
in US [12] driven towards the newly expressed demand for a culture of evidence of 
student learning. 
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Figure 2. The evolution of assessment in US 

Before the beginning of the 20th century assessment had already developed into the 
forms and procedures that still characterize it today [14]. Alternatively there is new 
attention to developing creative ways to assess student learning. The new approach 
is trying to align assessment tasks with real life processes of problem-solving as the 
traditional examinations are believed not to resemble the work and life situations the 
graduates will have to face. The new technological possibilities are also a major 
source of innovation, with universities actively exploring the potential of computer-
based assessment to assess learning and provide students with rapid and informative 
feedback [8].  

Two main types of assessment practices have emerged in time and are widely used 
in academia: formative assessment and summative assessment. 

3.2. Formative assessment 
Formative assessment, is actually used as practice for the student and as a check for 
their understanding during the learning process. It provides feedback to the student 
on their learning and also allows students to make revisions and provides them with 
the opportunity to improve. Additionally the formative assessment process guides 
instructors in making decisions about future instruction. Homework, observations, 
conferences, Q&A sessions and other periodical in-class activities are specific 
examples of formative assessments. 

3.3. Summative assessment 
Summative assessment is assessment that is used to measure student performance 
and contribute to a student’s grade in a course, module, level or degree. Summative 
assessments are cumulative and are scheduled at the end of a significant part of the 
course (Quizzes), half way through the course (Midterm Tests) and/or at the end of 
a course (Final Exam). Term papers, projects, portfolios and student evaluation of 
teaching effectiveness are other examples of summative assessments. 

1900
•Standardized tests for learning

1933
•Assessment of learning for general and graduate education

1947
•Rise of test providers

1979
•External accountability
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The biggest difference between summative and formative assessments is that the 
summative assessments are product-oriented (learning achieved) while the formative 
assessments focus on the process toward completing the learning. Another difference 
is that once completed, no further revisions can be made on the summative 
assessments which will end up with a grade as a measure of student learning. If 
students are allowed to make revisions, the summative assessment becomes 
formative. 

3.4. On-line assessment 
The need to improve assessment techniques and strategies 
increased in tandem with the technological advances and 
transformations in the delivery of instruction. One of the 
most often used tools for offering on-line summative 
assessments is Blackboard.  

Blackboard offers a wide variety of formats for questions 
used in assessments (Figure 3) and offers the advantage of 
providing the instructor with automatic grade calculation. 

Blackboard also gives to the instructor the ability to 
administer quizzes 24/7 with safeguards such as random 
questions for each student, timed tests, password 
protection and adaptive release of quizzes. Using a variety 
of formats addresses multiple learning styles, and using 
pools of questions with random blocks for tests mitigates 
against student collaboration on tests. 

A major concern is whether computer-based testing meets 
the needs of all students equally and whether some are 
advantaged while others are disadvantaged by the 
methodology [5]. 

Figure 3. Question types 

Among the main advantages of on-line administration of assessments are [3]: 
• Immediate feedback for students; 
• Objective grading by eliminating human error 
• Easy to update and edit 
• Increased accessibility (anytime/anywhere) 
• Item analysis helps instructor identify areas for improvement 
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4. DEVELOPING ASSESSMENTS FOR CONM150 

CONM150 “Heavy Construction Equipment” is offered every spring semester to the 
Construction Management (CM) freshmen class. The course introduces students to 
current methods and equipment used in heavy construction projects including 
highways, tunnels, bridges, dams, storm drains, and sanitary sewers. Formative 
assessments (weekly quizzes) and summative assessments (midterm and final tests) 
constitute 60% of students’ final grade.  

In 2013 student learning in CONM150 was assessed by using constructed-response 
(CR), ‘traditional” open-ended problems. In 2013 tests scheduled during the 
semester contained mainly open-ended problems while the final exam consisted 
mostly of multiple choice (MC) questions. In spring 2015 all tests were offered on 
Blackboard Learn and consisted primarily of MC, true/false (TF), fill in the blank 
and matching type of questions. A dramatic difference was noticed in students’ final 
grades (Table 1) with a constant increase in final scores as the dominance of MC 
questions in tests increased too. 

Table 1. CONM150 (average) final grades 

 2013 
(CR) 

2014  
(CR & MC) 

2015 
(MC) 

Average Final Letter Grade C- C B 
(Average Final Grade)  (72) (77) (87) 

The design of the MC questions in 2015 included choosing distractors or wrong 
answers based on the most common mistakes and misconceptions identified in 
2013/2014 CR problems. In order to reduce errors and increase performance, a fixed 
number of 4 alternatives was used in the 2015 MC tests. Wrong answers received a 
grade of 0 (zero), which definitely encouraged guessing.  

Students were asked to comment on the effectiveness and clarity of the on-line tests 
when they were filling the class evaluations at the end of the semester. From their 
written and sometimes verbal comments, and also from the instructor’s own 
observations some lessons were learned as follows (Table 2): 

Table 2. Students’ comments on on-line assessment 
Positive comments Negative comments 

 Guessing is helpful 
 Instant grading is 

appreciated 
 Less time consuming 
 Easy 
 
 
 

 TF questions are more confusing than MR 
 Fill in the blank created problems with following 

format requirements 
 The lack of partial credit is disappointing and unfair 
 Would prefer “not to know so fast how (bad) I did” 
 Pictures/graphs should be in paper format 
 Concerns regarding cheating 
 “I hate Blackboard” 
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5. CONCLUSIONS 

Recent developments in computer based technologies have a dramatic impact on 
teaching and assessment practices. On-line assessments are gaining more ground 
than ever due to undisputable advantages like time efficiency and accessibility 
(anytime/anywhere). Disadvantages in the area of connectivity issues, answer 
formatting and cheating can be handled through proper network development, 
student training and appropriate test design approaches. 

Implementation of on-line assessments equally impacts students and instructors. 
Both test taking strategies and test development strategies must change accordingly 
while both students and instructor need training into taking/offering tests 
administered on Blackboard.  

Comparison of traditional paper-based summative testing versus on-line testing in a 
CM freshmen class undoubtedly revealed the positive impact Blackboard 
administered test had on average class grades. 
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Summary 

Nowadays, students need adequate software to study Physics in universities and to 
have high levels of educational achievement and decent test scores. As our 
experience has demonstrated along the years, the combination of the experimental 
physics and computational methods motivates students to explore deeper the world 
of physics phenomena in a modern way. Also, they test their knowledge showing 
what they have learned.  

This paper presents how physics phenomena are really well understood by the 
students because of using of a powerful algebra system like Maple 17. Also, the 
Maple 17 program it is a useful tool for solving physics problems. The Graphics 
package of Maple 17 program has been used for the applications at the 
laboratories and the seminars of the Physics I and Physics II courses that are 
designated to the first and second semesters, respectively at the Faculty of Civil 
Engineering and Building Services of “Gheorghe Asachi” Technical University. 

The versatility and the wide range of applications of Maple 17 make it a powerful 
tool in assisting the students for solving problems and drawing graphs. This 
algebra system also provides many applications in engineering. Also, a platform as 
Maple presents advantages like speed, flexibility and many graphical facilities. For 
this reasons we consider the Maple program to be a reliable tool for teaching and 
learning physics. 

In our work we present some examples of plotting the displacement and speed for 
damped systems. The plot command that creates a two-dimensional plot and the 
plots[animate] command that generates an animation are both used for making the 
graphs in the case of overdamped, critically damped and underdamped systems, 
respectively. Using this powerful algebra system the students will work faster and a 
deeper understanding of the differences between the three cases of damped systems 
will be developed. 

KEYWORDS: Maple 17, Physics, Civil Engineering, physics phenomena, damped 
oscillations. 
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1. INTRODUCTION 

Computational instruments are more and more widely used and many teachers deal 
with them to improve the teaching-learning process [1]-[5]. The experience in this 
area demonstrated that traditional methods in Physics and engineering together 
with computational physics are an important tool that gives to the students a deeper 
understanding of the physical phenomena and engineering studies [6]-[10].  These 
tools motivate and enable the students to improve their learning process and obtain 
better results to the exams. A plethora of programs like Maple, Mathematica and 
Matlab [11]-[13] are used for teaching Physics. 

The authors use Maple 17 [11] to improve Civil Engineering physics teaching-
learning. Among other many useful commands the software provides the 
commands used to perform calculations, to solve differential equations, to solve 
equations, to make plots and to produce plots with animations. 

We have implemented both Maple and Mathematica programs in the Physics 
course, laboratories and seminars. Regularly, we improve our computational 
methods using the newest versions of these algebra systems. Also, the students can 
work in campus and achieve a better understanding of the physics phenomena and 
change ideas.  

In this paper we focus our attention to the use of Maple 17 program for plotting 
some examples of physics phenomena that are studied in the chapter Damped 
Oscillations. We present the plots and plots[animate] commands for the cases of 
overdamped, critically damped and underdamped systems. The graphs of 
displacement and speed are plotted.  

2. MAPLE 17 APPLICATIONS FOR DAMPED OSCILLATIONS 

2.1. Applications of Maple 17 for damped systems – the plots for the 
displacement and speed 

Because in the last decade we have gained experience in using several 
computational programs and developing simulations of physics phenomena [14]-
[17] we decided to implement the newest algebra systems in the Physics course, 
laboratories and seminars. 

As we pointed out above, the students are motivated to use the Maple 17 program 
because it provides them a high-level programming language plots and animations. 
They have used the program also for other calculations. Maple 17 allows to 
perform Numeric and Symbolic Computations, Visualizations, Matrix 



“Computational Civil Engineering 2015”, International Symposium 281 
 

Computations, Differential Equations, Control Systems Design, Dictionary of Math 
and Engineering, Units and Tolerances, Maplets and MapleNet, Smart Documents, 
Special Functions, Optimization, Statistics, Programming, Code Generation, and 
OpenMaple and Education and Assessment. 

2.2.1. Plotting 2D of the displacement for damped oscillations 

Firstly, we briefly present the theory for damped oscillations. In this case upon the 
oscillator act the elastic force and the friction. Writing the second law of dynamics 
and solving the differential equation for the displacement three different cases are 
obtained, the case of overdamped systems, critically damped systems and 
underdamped oscillations, respectively. 

The second order linear differential equation with constant coefficients is given by 

 02 2
02

2

 x
dt
dx

dt
xd

 , (1) 

where 
 2
m

 and 
m
k

2
0  and with   the damping constant, k  the spring 

constant and 0  the natural frequency that represents the frequency at which the 
oscillator oscillates in the absence of any friction. The case of oscillation without 
friction is the case of harmonic oscillations. In the presence of damping the 
solution of equation (1) which is the displacement will behave differently 
depending on the size of   ( 2 ) relative to 2

0 . Solving the characteristic 
equation 

 02 2
0

2   rr , (2) 

the solutions are 

 2
0

2
2,1  r . (3) 

There are three cases: 

1. Overdamped system 0  , the roots of the characteristic equation (2) are real 
and negative and the displacement is 

 trtr eCeCtx 21
21)(  , (4) 

where 1C  and 2C  are two arbitrary constants that are determined from the initial 
conditions (displacement and speed at 0t ). This is the case of aperiodic motion 
and the mass crosses equilibrium position at most once. There are no oscillations. 
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2. Critically damped system 0   in this case the roots of the characteristic 
equation (2) are equal and the displacement is 

  teCtx )( . (5) 

This is an incomplete mathematical solution because the solution of (1) must have 
two arbitrary constant. Physically, these constants allow the setting of the initial 
conditions ( )(tx  and )(tv  at 0t ). The complete solution of equation (1) is 

 tetCCtx  )()( 21 . (6) 

This is the case of critically aperiodic motion and the mass also crosses equilibrium 
position at most once. There are no oscillations, the body tends towards the 
equilibrium position without oscillates around it. 

3. Underdamped oscillations 0  , the characteristic equation (2) has two 
complex conjugate roots and the displacement is  

 )sin()( 0    teAtx t , (7) 

with the amplitude teAtA  0)(  decreasing exponentially overtime. The system 

oscillates quasi periodic with the quasi frequency 22
0   . The mass can 

cross the equilibrium position infinitely often (excepting the zero solution). 
In the following, we present the plots for the displacement in the cases of the 
overdamped, critically damped and underdamped systems, respectively. 
In the case of the overdamped system the equation (1) has the expression 

09102

2

 x
dt
dx

dt
xd . The initial conditions for the displacement and for the 

speed are 1)0( x  and 3)0( 
dt
dx

. Solving the characteristic equation and 

applying the initial conditions the constants 1C  and 2C  are determined. Their 

values are 
2
3

1 C  and 
2
1

2 C . 

The solution is given by 

 tt eetx 9

2
1

2
3)(   . (8) 

The Maple commands for plotting 2D are with(plots); plot( tt ee 9

2
1

2
3   ,t=0..10). 

The graph is given in Figure 1. 
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Figure 1. Displacement of an overdamped system 

In the case of the critically damped system the equation (1) has the expression 

0442

2

 x
dt
dx

dt
xd . The initial conditions are expressed by 2)0( x  and 

5)0( 
dt
dx . In this case, also solving the characteristic equation and with the aid of 

the initial conditions the constants 1C  and 2C  are 21 C  and 92 C . The 
displacement is given by 

 tettx 2)92()(  . (9) 

The commands are with(plots); plot( (2+9t)e-2t , t=0..10) and the plot is given in 
Figure 2. 
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Figure 2. Displacement of a critically damped system 

 

In Figure 3 is given the graph of displacement for the underdamped oscillations. In 
this case, for the equation (7) that is given by the expression 

)sin()( 0    teAtx t  the expressions of 0A ,  , a  and b  are given by 

22
0 baA  , 

b
atg  , aA sin0 , bA cos0 . In this case 

0A represents the constant value of the amplitude and  the initial phase. 

The values obtained after the calculations for 0A  and   are 20 A  and .
4
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Figure 3. Displacement of underdamped oscillations 

The displacement is given by 

 )
4

25.18sin(2)( 194.0 
  tetx t . (10) 

The Maple commands for underdamped oscillations are with (plots); 

plot( )
4

25.18sin(2 194.0 
 te t ,t=0..10). 

In Figure 4 we make the plots of the displacement for all the three cases of the 
overdamped system, the critically damped system and the underdamped 
oscillations on the same graph, respectively.  
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The Maple commands are with (plots); ;
2
1

2
3: 9tt eef    ;)92(: 2 tetg   

);
4

25.18sin(2: 194.0 
  teh t plot{ ),(),(),( thtgtf t=0..10}. 

 
Figure 4. Displacements for the overdamped system, the critically damped system and the 

underdamped oscillations  

In the case of the underdamped oscillations the larger the damping factor the quasi 
frequency becomes smaller. The quasi-period becomes longer. If the damping 
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factor becomes smaller for its zero value the case of harmonic oscillations is 
reached.  

Using the command animate, after this click on Animation and Play we have the 
possibility to modify the values of the damping constant. In Figure 5 we present the 
case of underdamped oscillations. The commands are with(plots); animate 

(plot,[ )
4

25.18sin(2 
 te tb , t=0..10],b=0..10). 

 
Figure 5. Displacement of underdamped oscillations with animation 

2.2.2. Plotting 2D of the speed for damped oscillations 

We plot the speed in the case of the underdamped oscillations given by equation 
(10). 
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The expression for the speed in the case of the underdamped oscillations is 

 )]cos()sin([)( 0 



    tteAtv t . (11) 

For 1



 the first term from equation (11) can be neglected and we obtain for 

the speed 

 )cos()( 0     teAtv t . (12) 

The graph of the speed is given in Figure 6. The Maple commands are with(plots); 

plot( )
4

25.18cos(5.36 194.0 
 te t ,t=0..10). 

 
Figure 6. Speed of an underdamped oscillation 
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3. CONCLUSIONS 

The Maple 17 provides new functions and packages presenting in this way many 
advantages. Very important are the facilities for calculus, plotting and animation. 
We present some examples for an important chapter of Physics the one of damped 
oscillations. In all oscillatory systems there is damping. As applications of damping 
we notice that all the vibrating systems are connected to damping because they are 
dissipative systems [18]. A small damping has a little influence on the natural 
frequencies, but the damping play an important role in limiting the amplitude of the 
oscillator at resonance. Structural engineering is based on damping, in earthquake 
areas or on structural components that are exposed to wind gusts. In the case of tall 
buildings that are placed in regions with seismic risk some damping systems are 
built in to help protect the buildings. For the cable-stayed bridges, in order to 
prevent the oscillations produced by wind with high speeds, hydraulic dampers 
have to be installed at the end of the cables.  

We consider that working at Physics laboratories and solving problems with the aid 
of computer programs is a main part of the teaching-learning process and our 
students should understand the computational process. In this view, we point out 
that the students are more and more interested in the algebra computer systems for 
learning. Using Maple 17 the students will improve their abilities of working at a 
high-level at Physics laboratories and seminars. They can also take advantage of 
the computing programs and use the computers in campus for plotting and solve 
problems. As an immediate perspective, we want to introduce more applications of 
the Maple program and in this way to provide to the students the environment to 
work in the best conditions. 
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